SHEAVES OF IWASAWA MODULES, MOMENT MAPS 
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, , , Abstract. In this paper we study systematically the ^-adic realization 

O ,■ of the elliptic poly logarithm in the context of sheaves of Iwasawa mod- 

.^^ I ules. This gives an explanation of the relation between Iwasawa theory, 

elliptic poly logarithms and Kato's elliptic units. As an application we 
>0 ' give a new computation of the residue of the Eisenstein symbol at the 

cusps and of the degeneration of the i!-adic Eisenstein symbol into the 
cyclotomic Soule elements. 
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The purpose of this paper is twofold: on the one hand it gives a new 
description of the etale £-adic reaUzation of the ehiptic polylogarithm using 
systematicahy etale sheaves of Iwasawa modules and on the other hand 
it gives a new and direct proof of the main result of |IIK99j about the 
\^ • degeneration of £-adic Eisenstein classes. 

The explicit description of the etale realization of the elliptic polyloga- 
rithm in terms of elliptic units was already one of the subjects in the paper 
^T . [KinOlj . There we used an approach via one-motives to treat the logarithm 

-^ ! sheaf. As the main application of the £-adic elliptic polylogarithm is in the 

context of Iwasawa theory, it is natural to try to approach the logarithm 
sheaf systematically in this context. That such an approach is possible is al- 
ready a suggestion in the ground-braking paper |BL94j . which is one source 
of inspiration for this paper. 
C^ , In Iwasawa theory Kato, Perrin-Riou and Colmez pointed out the use- 

fulness to work with "Iwasawa cohomology" , which is continuous Galois co- 
homology with values in an Iwasawa algebra. With this as a second source 
of inspiration, we generalize this idea to treat families of Iwasawa modules 
under a family of Iwasawa algebras. The main example for this is the family 
of Iwasawa algebras on the moduli scheme of elliptic curves, where one has 
in each fibre the Iwasawa algebra of the Tate module of the corresponding 
elliptic curve. 

A third source of inspiration for this paper is the fundamental idea of 
Soule |Sou81j that twisting of units can be used to produce interesting co- 
homology classes. It is implicit in Kato's paper |Kat93j and explicit in 
Colmez |Col98| that this twisting is related to the Iwasawa cohomology. We 
develop this further by giving a moment map at finite level for our sheaves 

1 



2 GUIDO KINGS 

of Iwasawa modules and show that in the cyclotomic case one obtams the 
elements defined and studied by Deligne and Soule. Work by Soule in the 
CM elliptic case (and Kato's work in |Kat04j ) suggests that one should carry 
out Soule's twisting construction also in the modular curve case to obtain 
elliptic Soule elements. These elliptic Soule elements are none other than 
the i-adic Eisenstein classes in |HK99j . 

With the general theory of sheaves of Iwasawa modules, we obtain a 
concrete description of the elliptic polylogarithm in terms of the norm com- 
patible elliptic units defined and studied by Kato |Kat04| . This gives strong 
ties of the elliptic polylogarithm to recent developments in Iwasawa theory 
and also allows many explicit computations with the £-adic elliptic polylog- 
arithm. 

As an application of the concrete description of the elliptic polylogarithm, 
we give a new proof of the residue computation on the moduli scheme for 
elliptic curves of the specialization of the elliptic polylogarithm along torsion 
sections (Theorems 17.1.21 and 17.2. ip . 

A second application is the evaluation of the cup-product construction 
used in |IIK99j (and explained in this volume in |Hubj ) to obtain elements 
in the motivic cohomology of cyclotomic fields and to prove Conjecture 6.2 
in |BK90j . The approach taken here, does not need any computations of 
the cyclotomic polylogarithm as in |IIK99j . It relies on the possibility to 
evaluate directly the elliptic units at the cusps. 
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questions. Annette Huber's detailed reading of an earlier version of this 
paper led to many improvements and corrections. I thank her warmly. I 
also thank Rene Scheider for pointing out an inaccuracy in an earlier version 
of this paper. 



Contents 



Introduction 

1. Iwasawa modules 

1.1. Iwasawa algebras and modules 

1.2. The moment map 

1.3. The Iwasawa algebra A(G) and the moment map 

2. Sheaves of Iwasawa modules 

2.1. Projective systems of etale sheaves and continuous cohomology \l£ 

2.2. Etale sheaves of Iwasawa modules 

2.3. Examples of sheaves of Iwasawa modules 

3. The moment map for etale sheaves 

3.1. The sheafified moment map 

3.2. The Kummer map and sheaves of Iwasawa modules 

4. Cyclotomic Soule-Deligne elements 
4.1. Modified cyclotomic Soule-Deligne elements 



6 

c 

IC 



THE e-ADlC REALIZATION OF THE ELLIPTIC POLYLOGARITHM 

4.2. Soule-Deligne elements as moments 

5. Elliptic Soule elements 

5.1. Elliptic and modular units 

5.2. Elliptic Soule elements 

5.3. Elliptic Soule elements as moments 

6. Modular curves 

6.1. Some facts on modular curves 

7. The residue at (X) of the elliptic Soule elements 

7.1. A residue theorem at finite level 

7.2. The residue at c» of the elliptic Soule elements 

8. The integral ^-adic elliptic polylogarithm 

8.1. A brief review of the elliptic logarithm 

8.2. The Z^-elliptic logarithm sheaf 

8.3. The elliptic polylogarithm 

8.4. Eisenstein classes 

8.5. Construction of the integral ^-adic polylogarithm 

9. The cup- product construction and its evaluation 

9.1. The cup-product construction 

9.2. Evaluation of the cup-product construction at infinity 
References 



2C 
21 
21 
22 

23 
24 

24 
26 
26 
29 
3C 
3C 
32 
35 
37 
39 
41 
41 
42 
51 



1. IWASAWA MODULES 

1.1. Iwasawa algebras and modules. Let £ be a prime number and con- 
sider a profinite topological space X = lim X^ with X,. a finite discrete set. 
We denote by 

(1.1.1) eont(X, Ze) :={f :X ^Ze\ f continuous} 

the space of continuous Z^-valued functions on X. 

Definition 1.1.1. A Zi-valued measure on X is a Z^-linear map 

fi: Qont{X,Ze) ^ Zi 

and the space of all measures on X is denoted by A(X). As usual we write 

X 

As every continuous function / € Cont(X, Z^) is the uniform limit of 
locally constant functions, we have 

A{X) = ^Homz,(eont(X^,Zf),Z^) 



(1.1.2) 



limZ^X^] 

r 

]^z/rz[Xr], 
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where we consider Z^[Xr] := ©^gx "^i-^x as the distributions on Z^-valued 
functions on X^ and bx is the delta distribution at x. i.e., bx^f^ '■= f{x) for 
any function / : X^. -^TL(^. If : X ^ y is a continuous map we define 

(1.1.3) (/>! : A(X) ^ A(y) 
by (j)\fJ,{f) := /i(/ o (j)). Observe that 

(1.1.4) A{XxY) = l^Zi[XrXYr] ^]^{Ze[Xr](S)I^e[Yr]) =: A(X)gA(y). 

r r 

Definition 1.1.2. liX = G = Hm Gr is a profinite group, define an algebra 
structure on A(G) by convolution of measures 

(1.1.5) /x * zv := mult!(/i (8i i^), 

where mult : G x G ^ G \s the group multiplication. This algebra is the 
Iwasawa algebra of G. 

Note that this ring structure makes the quotient ring Z^[Gr] of A(G) into 
the usual group ring. If 7 € G we define the delta distribution 6^ at 7 to be 
the measure S^{f) := 7(7). This induces a group homomorphism 

6:G^A(GV 

7 I—)- O-y. 

Example 1.1.3. Consider A(Z£). By Mahler's theorem every continuous 
function / on Z^ can be written as 



/(x) = ^a„rj 



and hence for every measure \i € A(Z^) one has 



„>o -^z, v^y 



and 11 is uniquely determined by the sequence of numbers bn '■= f^ (^fi{x) G 
7j£ for n > 0. Conversely, every sequence (6n)n>o defines a measure /i by 
/^(/) •= J2n>o^nbn- Thus ouc gets an isomorphism 



A(z,)^z,[[r]]. 



n>0 



It is useful to note that the power series associated to the measure is also 
given by 



/ (l+T)Xx)GZ,[[r]]. 
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Assume that the space X is a torsor under G, i.e., one has a simply- 
transitive and continuous action 

p:GxX^X. 

Then p induces a A(G)-module structure on A{X), by 

A(G)§A(X) ^ A(G xX)^ A{X) 

and A(X) is free A(G)-module of rank one. 

We discuss three examples of profinite spaces, which are relevant for the 
purpose of this lecture. 

Example 1.1.4. Let A^ > 1 and t € 'LjN'L and consider for each r > the 
exact sequence 

-^ Z/fl -^ Z/fNI -^ Z/NZ -^ 0, 

where qr is reduction modulo A^. We define 

Z/rZ(t) := q~^{t) = {x € Z/fNI \x = t mod A^} 

and note that reduction modulo P""^ induces a map 

Each TLjP'TH^) is an Z/^''Z-torsor (which acts by translation, being a sub- 
group of "L/rNI,) and we define the inverse limit to be the Z^-torsor 

r 

Note that ^^(0) = Z^ and that A{'Ei{t)) is a free rank one A(Z£)-module. 

Let us define the Bernoulli measure in A(Zf(t)). We choose, as usual, an 
auxiliary c G Z with (c, iN) = 1 to make the Bernoulli distribution integral 
(for the properties of the Bernoulli numbers we use see |Lan90t Ch. 2, §2]). 
Denote by Bk{x) the k-th. Bernoulli polynomial and consider the map 

where for an element x S R/Z we write {x} for its representative in [0, 1[. 
Thus we have 

-62!^ e z/f z[z/f z(t)] 

and by the distribution property of the Bernoulli polynomials, the i?2,c,r are 
compatible in the inverse limit and give rise to a measure 

(1.1.8) Bil:=]^Bi%eA{Ze{t)). 
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Example 1.1.5. Let K be an algebraically closed field of characteristic 7^ i 
and consider GmiK). Let A^ > 1 and a G ^n{K) be an A^-th root of unity. 
We let 

/i^r(a) := {/3 G l^irNiK) \ P^^ = a} 

and observe that taking the £-power induces maps 

Each fier[a) is an /x^r-torsor. Let as usual Z^(l) := lira fj,ir(K) then in the 
limit we get a Z^ (l)-torsor 

Z^(l)(a) := l^m /i£r(a). 

r 

Again A(Z£(l)(a)) is a free A(Z^(l))-module of rank one. 

Example 1.1.6. Let E/K be an elliptic curve over an algebraically closed 
field of characteristic / £. and t G E(K). Let [r] : £; ^ E^ be the T- 
multiplication and define E[i^]{t) by the Cartesian diagram 

E[£r]{t) y E(K) 



W > E{K). 

Note that E[r]{Q) = E[f] are the T-torsion points and that each E[t]{t) 
is an E'f^^J-torsor. We let 

T,E{t):=\^E[e]{t). 

r 

As before K{TiE{t)) is a free A(T£^)-module of rank one. 

1.2. The moment map. In this section we assume that G = 'Lf. We write 
Gr := G ®z, Z/rZ and Gq, := G (g)^, Q^ We denote by Sym'^G the A;-th 
symmetric power of the Z^-module G and write Sym Gr '■= Sym G (^ii 
Z/rZ and Sym'^GQ, := Sym^G^z^ Qi- 

Let ei,...,erf be the basis of G defined by the isomorphism G = Zj 
and denote by Xj : G — )• Z^ the resulting i-th coordinate function. We 
consider xi, . . . , x^ as elements in G^ := Hom2^(G, Z^). It is the basis dual 
to ei, . . . , erf. Then Sym G has the basis 

d 

(1.2.1) {eT---e7\Y.''i = k}. 

i=l 

Each monomial x^^ ■ ■ ■ x^"^ with X^j^^ rii = k can be considered as a con- 
tinuous function on G and also as an element in the Z^-dual (Sym G)^ of 
Sym G. In fact, if we tensor with Qi, we get that 

ni rid 

(1.2.2) {^^^^\Y.^^ = ^}- 
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is the basis of Sym 'GX dual to the one of Equation (ll.2.ip . 
Definition 1.2.1. The k-th moment map is 

mom'' : A(G) -^ Sym^-'GQ^ 



(1-2-3) „_ Y- f f n, n,,\ei---e 



^^ E (X^'---^^) 



" ' -d 



ni\---nd\ 



Note that the moment map mom is compatible with homomorphisms 
: G ^ H, i.e., the diagram 






A(G) ^^^^^^ Sym'^GQ, 

Sym'=(</.) 

MH) > Sym'^HQ^ 

commutes. 

We want to give a formula for the moment map on "finite level". Write 
A(G) = lim Z/i^7j[Gr]- Then we can write /i = lim /i^ with fir € Z/^'"Z[Gr]. 
For each 7 S G,. we can consider 7®'' € Sym G^ and we write Hr{l) for the 
value of fir on 5-y (considered as a function on Or)- 

Lemma 1.2.2. Define a moment m,ap at finite level by 

mom^ : Z/fZ[Gr\ -^ Sym^Gr 

then one has the formula 

mom'^f/i) = — (limmom^(^r)), 
kl V 

where the inverse limit is in Sym G = lim Sym Gr- 

Proof. The coordinates xi,...,Xd '■ G — > Z^ considered as Z^-linear maps 
induce functions x^ : Gr —^ Z/i^Z and by definition 

^,(xr •••x^'')= J2 /^r.(7)^i(7r---M7r. 

-yeGr 

If we observe that 

kl V :ei(7)-^ . . . xdi^r'^^—-^ = (xi(7)ei+. ■ ■+x,{^)e,)' = 7®'= 
, nil-'-ridi 

ni+...+n^=fc 

we get 

p"i . . . p"d 



fc! 5] flr{xr---xy) \"' \ = Y,Mlh'"'=^Om';.{flr). 

^-^ n\\---nf^. ^-^ 

ni+...+nd=fc 7GGr 

Taking the limit gives the desired result. D 
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We also need the moment map for A{X), where X is a G-torsor of a 
special kind. Suppose that we have an extensions of abelian groups 

(1.2.4) O^G^H^T^O, 

where T is a finite A^-torsion group, and that the torsor X is of the form 
X = q~^{t) for a t £ T. Examples of such torsors are provided by '^e{t), 
Zt,{l){t) and TiE{t) from [TXil [TX5] and [TX6l for iV-torsion points t. 

Definition 1.2.3. Let X = q~^{t) be a G-torsor with t an A^-torsion point 
as above and 

t:X ^G 

[TV] 

be the composition X ^^ H — > G and t\ : A{X) -^ A(G) the induced 
morphism. The k-th. moment map is 

momj^ : A{X) ^ A(G) ^ > Sym^'GQ,. 

As for G we want a formula on "finite level" for this moment map. Let 
Hr be the push-out of G ^->^ i? by G ^> G^ so that one has an exact sequence 

(L2.5) O^Gr^ Hr^T ^0. 

Define Xr := Qr^ii) and let Tr,t be the composition 

(L2.6) Tr,t : Xr ^ Hr ^ Gr 

and consider the induced map 

Tr,t\ : z/rz[Xr] -^ z/rz[Gr]. 

Lemma 1.2.4. Let Xr be a Gr-torsor of the form Xr = (lr^{t) described 
above with t €T an N -torsion point. Let 

mom^r,t ■ Z/rZ[Xr] -^ Sym'^Gr 

be the composition mom^^ := mom^ o Trt\- Then one has the formula 



T[lOm^^^{|JLr) = y^ IJ.r{x){Tr,t{x))'^^ 

and 



X&Xr 



k ^ T k 

mom^ = — TTTT hm mom„ ^. 



Proof. With the notation in the proof of Lemma 11.2.21 one has 

Tr,t\f^r{Xi' ■ ■ ■ xY) = ^r((xi o Tr,tT^ ' ' ' (xrf o T,,*)"''). 

The formula 



ni rid 

k\ Yl X,{Tr,t{x))r---X,{Tr,t{x)r ^\'"''\ 

, u ni\---nd\ 



{xi{Tr^t{x))ei H h Xd{Tr,t{x))ed)^ = Tr^t{x) 



®k 
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gives 

ni rid 

k\{Tr,t^,tir){x1' ■ ■ ■ x^)^^—^ = V /i,(x)(r,,i(x))^'= 

and the statement of the lemma fohows by taking the hmit. D 

For later use, we compute the moments for the Bernoulli measure. 

Example 1.2.5. We use the notation from Example I1.1.4I Let t € TLjNTL 

and consider G = "Lg and the torsor X = lii^t). We want to compute the 
moments of the Bernoulli measure 

(1.2.7) Btl:=\unB^l^eK{Mt)). 

r 

We choose e = 1 € Z^ as a basis and let x = id : Z^ — )• Z^ be the dual 
basis. By standard congruences for Bernoulli polynomials (see e.g. [Lan90t 
Theorem 2.1]) we have 

momJ^^H = Trirr / J'dBf^ 



(12 8) * ^'^ " fc!^'^ 4(, ""^- 

Note that if c = 1 mod N we get 

1.3. The Iwasawa algebra A(G) and the moment map. We still as- 
sume that G = Z^ and keep the notations from the previous section. 

The Z^-algebra A(G) has a natural augmentation J„ : A(G) -^ Z^. We 
let 

(1.3.1) KG) ■= ker( / : A(G) ^ Z^) 

JG 

be the augmentation ideal. The algebra A(G) is complete with respect to 

/(G) 

A(G) ^limA(G)//(G)^ 

k 

The augmentation ideal is generated by (5y — b^ for 7, 7' € G. In particular: 

Lemma 1.3.1. The G-action on A(G) given by 6 : G —^ A(G)*, 7 1-^ (5^ pre- 
serves I{G) and its powers I{G). The induced G-action on I{G) /I{G) ~^^ 
is trivial. 

Proof. Let q e /(G)^ then (1 - 8^)q € I{Gf+^ because 1 - J^ G /(G). 
Hence multiplication with 5^ is trivial on I{G) /I{G) ~^^ . D 
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There are isomorphisms 

(1.3.2) Sym'^G ^ I{G)^/I{Gf+^ 

given by e"^ • • • e^'' i-^- (1 — (5ei)"^ • • • (1 — ^6^)"'* so that the graded algebra 
0^>q/(G)*^//(G)'^"'~^ is just the symmetric algebra SymG. Let 

it(GQj := n Sym'GQ. 

fc>0 

be the completion of SymGQ^ with respect to its augmentation ideal 3 = 
nfc>iSym''GQ,. 

Proposition 1.3.2. The map 

mom : A(G) -^ il(GQj 

given by fi ^ ^^>Qmom'^(/i) is an algebra homomorphism which preserves 
the augmentation and 

A(G) ^ A(G)//(G)'=+i ^ it(GQj/a^+i ^ Sym'^GQ,, 

where the last map is the projection onto the k-th component, coincides with 
the k-th moment map mom . In particular, it induces an isomorphism 

(A(G)//(G)'=+i) C5z, Qi = ii{GQ,)p''+\ 

Proof. With the chosen basis ei , . . . , e^ of G one gets an standard ring iso- 
morphism from Iwasawa theory 

A(G)^Z,[[Ti,...,r,]] 

5e, ^ 1 + Ti 

(see Example I1.1.3P . If we compose this with the ring homomorphisin 

Z,[[Ti,...,rrf]]^it(GQj 

T, ^ exp(e,) - 1 = 5Z if 

k>l 

we get the moment map mom, which preserves the augmentation ideals. D 

2. Sheaves of Iwasawa modules 

2.1. Projective systems of etale sheaves and continuous cohomol- 
ogy. Let S* be a noetherian scheme and assume that i is invertible on S. 
We work with several types of projective systems of etale sheaves on S: 
(1) Z^-sheaves (or ^-adic sheaves): Recall that a projective system of 
etale sheaves ^ = {^r)r>o on 5 is a Z^-sheaf, if the ^n are con- 
structible Z/^''Z-modules and the transition morphisms ^^ — ^ =^r-i 
factor through isomorphisms =^r '^z/fz Z/^''~^Z = ^r-i- We con- 
sider Zf -sheaves in the category of pro-sheaves. One has 



Hom(^,§^) = lim Hom(^ 



r 5 =^r ) 
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(2) Q^-sheaves: This is the quotient category of Z^-sheaves by the torsion 
Z^-sheaves. Thus a Q^-sheaf is given by a Z^-sheaf ^ and if one 
writes ^ ® Q^ for J^ considered in the category of Q^-sheaves one 
has 

Hom(^ ® Q, ^ Q^) = Hom(^, ^) (g)^, Q^ 

(3) Projective systems .^ = {^r)r>i, where each ^^ is a locahy constant 
Z/rZ-module. 

(4) Projective systems of Q^-sheaves. 

If S is connected and s a geometric point of S, the category of locally 
constant sheaves of Z/£''Z-modules is equivalent to the category of Z/£^'Z- 
modules with a continuous action of 7ri(S', s). 

For projective systems ^ = (^r)r>i as in (1) and (3) we consider con- 
tinuous etale cohomology in the sense of |Jan88j . This means 

is the i-th derived functor of ^ i— )■ ]Jm H'^{S,J^r)- More generally, one 
defines 

for a morphism vr : 5 — )• T to be the i-th derived functor of J^ i— > lim vr*^^- 
Of crucial importance is the following lemma: 

Lemma 2.1.1. Let ^ = {^r)r>i be a projective system with H^{S,^r) 

finite, then 

H\S,^) =]^H\S,^r)- 
r 

Proof. This follows from |Jan881 Lemma 1.15, Equation (3.1)] as the H'^{S, ,'^r) 
satisfy the Mittag-Leffler condition. D 

In the case of Z^-sheaves we consider Ext-groups 

Ext*5(^,^), 

which are the right derived functors of Hom5(j^, — ). If we consider ^ 
and ^ in the category of Q^-sheaves, one has Ext5(^ ® Qe,'^ <Xi Q^) — 
Ex.tg{^,W) iSiQi- We define the continuous etale cohomology of a Q^-sheaf 
^ to be 

H\S, ^ Qi) := H\S, .^) ® Q^ 
This implies that one has a canonical map 
(2.1.1) H\S,.9)^H\S,.^ ®^(). 

In the case (4) of projective systems of Q^-sheaves ^ = {^r)r>o we use 
the ad hoc definitions 

(2.1.2) 

Ext*5 (^, ^) := 1^ Ext*5 (^, ^r 



'r)i 
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where ^ is just a Q^-sheaf. 

2.2. Etale sheaves of Iwasawa modules. In this section we wih sheafify 
the Iwasawa modules. 

Consider a projective system of finite etale schemes "Pr '■ ^r —^ S and let 
X := lim Xr- We denote by A,. : X^ — >■ X^-i the finite etale maps in the 
projective system. We denote by ^r the etale sheaf associated to Xr and 
define an etale sheaf on S by 

(2.2.1) z/rz[^r] ■■= Pr*z/rz. 

The trace with respect to A^ induces a map Ar*Z/^''Z — t- TLjPTL^ which gives 
rise to 

vrO^ie-L = p,._i,A„z/rz ^ p^_i,z/rz ^ p^_i,z/r-^z, 

where the last map is reduction modulo P'~^ . 

Definition 2.2.1. Define a projective system of etale sheaves on S by 

A(^) := (Z/rZ[^^])r>i, 
with the above transition maps. 

Note that A(,;^) is not an Z^-sheaf in general. 

This construction is functorial in the following sense. Let (/^ : X^- — ?> 
^)r>o be a morphism of projective systems with each f^ separated etale. 
Then the trace map induces 

(2.2.2) /h : %IPl\3Cr\ -^ 'L/t'LWr] 

and hence a map /i : A( JT) -^ k(^^). 

To explain the relation with the construction in section 11.11 let us choose 
a geometric point s : Specif — >■ S and let SJr;s ^-^d X-g be the stalk of ,^ 
respectively 5C over s. We consider 3^r;s as a finite set with a continuous 
Galois action. Immediately from the definitions we have: 

Lemma 2.2.2. The stalk of A{^) in s is 

A( JT)^ ^ A( JT^) = limZ/rZ[3^r,s]- 

r 

If each Xr = Gr is a finite etale group scheme over S, so that G := 
lim Gr is a pro-etale group scheme, the sheaves Z/£'^Z[^r] become sheaves 
of algebras and the results from section 11.11 carry over mutatis mutandis. 

Lemma 2.2.3. One has an isomorphism 

z/rz[% xs%]= z/e'^z[%] ^ z/rz[^^] 

and the group multiplication mult : Gr'^sGr — > Gr induces the ring structure 
mult! : l/fll^] (g) l/fll^] -^ l/fll^]. 
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Proof. Let p : Gr ^ S he the structure map. The first statement follows 
from 

{p X p%z/rz ^ p^z/rz0p^z/rz 

and the second from 

(p X p)^z/rz = p,o muit*z/rz ^ p^z/tz. 

D 

2.3. Examples of sheaves of I^vasawa modules. We discuss two exam- 
ples, which will be important later. 

Example 2.3.1. Consider a family of elliptic curves vr : £ ^> 5 with unit 
section e : S" — )■ £ and the ^''-multiplication map \P'\ : £ — ?• £. For each 
section t € £(5) let S.[P']{t) be the fibre product 



£[r](t) > £ 



(2.3.1) pr{t) 



r] 



S -^ £. 

This is a finite etale scheme over S and the ^-multiplication induces maps 
[£] : £[r](t) ^ £[r-^](i). Note that £[r](e) = £[r] and that each £[r](t) 
is a torsor under £[£'']. We will consider £[^''](i) also as an etale sheaf over 
S and then denote it by -^i/i^iit) in the case t ^ e and by •^i/e.^i if i = e. 
We define 



(2.3.2) jrz,(t) := (=^z/rz(i» 



r->l 



with respect to the transition maps given by ^-multiplication. Similarly, we 
write 



(2.3.3) J^Zi ■= {J^z, 



r>l- 



The stalk of J^^ at s is nothing but the usual Tate module T^Eg of the elliptic 
curve £s (the fibre of £ over s). One also has J^z/e''z{'t)s = ^s['^^]{ts) , where 
ts is the section of 8,-s induced by t. In particular, 

(2.3.4) A(^z,)s = A(7>£^) and A{M,{t))^ ^ A{Te8,s{ts)). 

Note that A(J^^(t)) is a free A(J^^)-module of rank one. If we compare 
this with example ll.l.6l we see that we have sheafified the construction given 
there. 

In the above example we have varied the elliptic curve, now we also want 
to vary the section t. 

Example 2.3.2. Consider £r = £ as a finite etale £-scheme via the i^- 
multiplication map [i'^] : 8.r — )• £. Define an etale sheaf on £ by 

(2.3.5) £z/£'-z := n*Z/rZ. 
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The trace with respect to [£] : £,. — )■ £r-i composed with reduction modulo 
^^~^ induces Lz/i-^z ~^ ^i/r-^z- We define 

(2.3.6) Lii, := {^z/ei)r>i- 

Let t : iS — ;• £ be a section and recall that Pr{t) : £[£*"] (t) — > 5 is the pull-back 
of £r- by i. By proper base change t* [£*"]* Z/^''Z = pr{t)^'L/P''L so that 

(2.3.7) r£z, =A(=^z,(t)). 

We can also compute the stalks of Lzg- Let s be a geometric point of S and 
t := t(s) the image of s in £. Then the stalk of £z^ at t is 

(2.3.8) L^^-i ^ (t*£zjs = A(^z,(t)s) = A(T,£^(i^)), 
where £s is the base change of £ to s as before. 

Definition 2.3.3. The sheaf £z^ is called the integral I -adic logarithm sheaf. 

We will see in Theorem 18.2.41 how L^^, is related to the logarithm sheaf 
.^ogg and in which sense this definition is justified. 

3. The moment map for etale sheaves 

3.1. The sheafified moment map. In this section we describe a sheaf 
version of the moment maps from Definitions 11.2.11 and 11.2.31 

Let Gr — > /S be a finite etale group scheme. We assume that etale locally 

Gr = {Z/CZf 

for d > \ and let ^r- be the associated etale sheaf on S. We consider Gr- 
torsors X^ of the following kind: Let 

be an exact sequence of finite etale commutative group schemes, where T is 
an A^-torsion group. We consider G^-torsors p : Xr — > S given by a cartesian 
square 



(3.1.1) Xr-. Gr 


it) >L 


Ir 


P 
( 


S^-^1 


1 

n 


Definition 3.1.1. Let r^,* : Xr — >■ Gr be the composition 


(3.1.2) Tr,t :Xr^Hr^ Gr- 


This defines a section Tr^t £ H^ {^r , P* 


'^r) and a 


sheaf hon 



z/rz[j;] ^z/rz[^^]. Let 

(3.1.3) T®^ &H'^{Xr,p*SYlTi^%) 

be the /c-th symmetric power of r^i, where Sym 1^^ := Sym^ 



9r-£^r- 
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We will view t^^ also as a map of sheaves 

(3.1.4) T^t^ : Z/rZ -^ p,p*Sym.''%. 

Recall that for sheaves ^, ,J^ on Gr one has the morphism (given by the 
projection formula and adjunction) 

(3.1.5) pu^ (^ p^,Jif ^ pii^ p*p^Jif) ^pii^0J^) 
and that p\ = p^ as p is finite. 

Definition 3.1.2. Let Xr = Gr{t) be as above. The sheafified moment map 

mom^;^ : Z/t !.[,%] -^ Sym'^^,. 
is the composition 



p^Z/rZ -^p^Z/rZ p^p*Sym''% 

-^ p^{Z/tZ®p*Sym^%) ^ p*p*Sym^'^, ^ Sym'=^,., 

where tr is the trace map. 

Let G := lim Gr be a pro-etale group scheme, with Gr as above and such 
that Gr (8) Z/i'^~^Z = Gr-i- Suppose that X := hm Xr is a corresponding 
system of Gr-torsors such that the push-out of Xr via Gr -^ Gr~i is Xr-i- 
Then the moment maps mom^j : Z/£'^Z[^r] -^ Sym Wr are compatible in 
the projective system. 

Definition 3.1.3. We denote by 

inomj^ = hmmom^j : A(jr) -^ Sym''^ 

r 

the resulting map on the projective systems. 

The moment map is functorial in the following sense. 
Lemma 3.1.4. Given a separated etale homomorphism of group schemes 

if.Gr^G'r 

and a map ip : Xr -^ X'^ of torsors compatible with ip there is a commutative 
diagram 

z/rz[ JT^] -^ z/rz[^/] 



momj: j 



Sym'^^, ^^^ Sym*^^;. 

Proof. This follows directly from the Definition 13.1.21 of momJ?j. D 

Let us show that on stalks the moment map coincides with the one defined 
in Lemma ll.2.41 
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Lemma 3.1.5. Let s be a geometric point of S, then 

coincides with the moment map moni^'^ defined in Lemma 1.2.4\ 
Proof. We have {p^Z/e'Z)j = Z/e'Z[^r,s] and let 

Air= Yl rn^^xeZ/eZirr,s\ 

be an element. Let Sym ^r,s[<^r,s] := p*p*Sym ^r,s, then 
and the image of jir under id ® rff- is given by 

(3.1.6) ( X; ^^^) ® ( E <t{y)h)- 

The homomorphism 

maps the element in (J3.1.6P to 

and the trace of this is 

which is the formula in Lemma ll.2.4[ D 

The next proposition is crucial for the comparison between the twisting 
construction of Soule and the moment map. 

Proposition 3.1.6. The homomorphism 

mom^^j : H\S,Z/rZ[^r]il)) ^ H^S, Sym'' %{1)) 

induced by the moment map mom^^ coincides with 

H\Xr,Z/rZ{l)) ^:^ H\Xr,p*Sym''%.{l)) ^ H^{S, Sym^'^il)), 

where the first map is the cup-product with rf^ € H^{Xr,p*SyTa"^r) CL^d 
the second map is the trace map with respect to p : Xr -^ S. 
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Proof. This follows from the commutative diagram 

H\Xr,Z/rZ{l)) X H"{Xr,p*Sym''%)— > H\Xr,p*Sym''%{l)) 



H^ {S, p, (Z/rZ ® p*Sym'=^^(l))) 

t3X5l l 

i7i(5,p,Z/rZ(l)) X H"{S,p,p*Syra''%)- > H^{S,p,Z/rZ (E)p,p*Sym''%{l)), 

where the unlabelled vertical arrows are the edge morphisms of the Leray 
spectral sequence for Rp^,. D 

3.2. The Kummer map and sheaves of Ivi^asawa modules. Let us 

recall the Kummer map for a scheme T on which i is invertible. Consider 
the exact sequence of etale sheaves on T 



1 



fl£r 



in 



1. 



Definition 3.2.1. The Kummer map into the first etale cohomology is the 
boundary map for the above exact sequence 



(3.2.1) 



dr : G„(T) ^ //i(T,Z/rZ(l)). 



Note that an element in Gm{T) is just an invertible function on T. Let 
G{t) = hm Gr{t) be an projective system of torsors over S as in Diagram 
(j3.1.ip . For each Gr{t) we have an isomorphism (induced from the edge 
morphism of the Leray spectral sequence for Rpr{t)^) 

H\Gr{t),z/rz{i)) ^ H\s,z/rz[%.{t)]{i)) 

because Z/i^Z['^r{t)] = Pr{t)*Z/i^Z, where Pr{t)* : Gr{t) — )• S* is the struc- 
ture map and Pr{t)^ is finite. The transition morphisms A,. : Gr{t) —?■ 
Gr-i{t) induce A^,: : Z/rZ[%{t)] -^ Z/r~^Z[%..i{t)]. As A^,: is induced by 
the trace map, we get the following compatibility: 



^H^{Gr{t),Z/i''Z{l)) 



Lemma 3.2.2. The diagram, 

H^s,z/rz[%{t)]{i)) 



H\S,Z/r-^Z[%^i]{t)]{l)) ^^ H\Gr^i{t),Z/r-'Z{l)), 

where Ar,* is the trace map, commutes. Taking the projective lim,it, one gets 
using Lemma \2.1.1\ 

H\S,A{'^{t)){l)) ^ ]AmH\Gr{t),Z/rZ{l)). 
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Suppose that we have a norm-compatible system of invertible functions 
on the Gr{t). This means we have for each r > 1 a function fr G Gm(Gr(i)) 
such that 

'^r,*[jr) ^ Jr— 1) 

where A^,* is the norm map with respect to A^. Then one has a commutative 
diagram 

dr 



(3.2.2) 



GmiGrit)) 



-^H^{Gr{t),Z/e''Z{l)) 






^H\Gr^i{t),Z/r-^Z{l)) 



Gm.{Gr^l{t)) 

and one can define 

(3.2.3) ^(5.(/.)) e H\S,A{'^{t)){l)) 



4. Cyclotomic Soule-Deligne elements 

4.1. Modified cyclotomic Soule-Deligne elements. We review the cy- 
clotomic elements defined by Soule |Sou81) and Deligne |Del89j from our 
perspective. Let A^ > 1 and c € Z be an integer prime to iN and let 
S = SpecQ(^Ar) be the spectrum of the field of A^-th roots of unity. 

To define the modified Soule-Deligne elements consider the schemes fiirj^f C 
Gm over S. For each a G fJ-wiS) we define /i£r(a) by the cartesian diagram 



jder (a) 

Pr{a) 



->/^r7v\{l} 



^Gm\{l] 

in 



b > flN *■ ^m- 

Note that fir{l) = fip \ {1} contrary to what was defined earlier. On 
Gm \ {1} we have the function 1 — z : Gm \ {1} — ^ Gm, which by restriction 
to fJ.er[a) gives an invertible function 

I- Z € Gm(/i£r(a)) 

and hence by the Kummer map an element 

(4.1.1) 9^(1 - z) G H^{fie-{a),Z/rZ{l)). 

The function 1 — z is norm- compatible, which means that 

(4.1.2) [r],(i-z) = i-z, 

where [£'']* is the norm map with respect to the ^^-power map on Gm- 

As in Definition 13.1.11 we have a section Tr^a G H^{fiir{a),'Ij/i^Z,{l)) de- 
fined by 

Taking the fc-th tensor power of this section gives 
(4.1.3) r,t G i70(/i,.(a),Z/rZ(A;)). 
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Definition 4.1.1. Let Pr{oi) : fJ.e^{a) — > /S be the structure map and define 

(4.1.4) Ck+iA^) := Pr{a),idril -z)U t^^) G H\S, Z/rZ{k + 1)). 

Note that over T := SpecQ(^rAr) the section r^^^ is given by /3 i-> {/S^)®^ 
for /3 € /i£r(a)(T). Moreover, one has 

fier{a){T) = {/3 G /ir7v(T) \ {1} | /S'" = a}. 

It follows that the pull-back of c^+i^rio^) to H^(T,7j/£'''Z{k + 1)) is given 
explicitly by 

(4.1.5) Cfc+i,,(a)= Yl 5r.(l-/3)U(/3^)«^ 

/3G/.,r(a>(T) 

It is an important insight of Soule that these elements are compatible for 
different r > 1 so that one can pass to the inverse limit: 

Lemma 4.1.2 (Soule). Denote by 

redr : H^{S,Z/rZ{k + 1)) -^ H^{S,Z/f-^Z{k+l)) 

the reduction map modulo £^~^ . Then redj.(cfc+i^r(Q)) = Ck+i^r~i{ct)- 

Proof. Let [i] : ^p{a) -^ fi£r-i{a) be the map induced from the ^-power 
map. Then the reduction modulo f "^ of r®^ is redr(r®^) = M*(t^\q)- 
By the norm-compatibility of the function 1 — z we have [£]*redj.(5r.(l — z)) = 
dr-i{l — z), so that 

redrick+i,r{a)) = redrPr{a)^{dr{l - z) Ur®^) 

= p,_i(a),M,(red,,(c>,(l - z)) U red.r®,^) 

= Pr^i{a),[iUiedr{dr{l - z)) U M*(Tf_\„)) 

= p,_i(a),(a,_i(l-z)Urf_\j 
= Cfc+i,r-i(a). 

by the projection formula. D 

Definition 4.1.3. For a G Hn{S) and k G Z, the modified cyclotomic Soule- 
Deligne element is 

Cfc+i(a) := ^Cfe+i,r-(a) G H^ [S ,Zi{k + I)) . 

r 

Moreover, for a function ip : fJ.]\f{S) — )> Z^ we let 

Cfc+i(V') := X] V'(a)cfc+i(a)- 
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4.2. Soule-Deligne elements as moments. In this section we will show 
how the Soule-Deligne elements can be obtained as moments from a coho- 
mology class 

S<">GF,U(5,A(Z,(l)(a))(l)). 

To define Sc , we start with a slightly different function, which will be closer 
to what we get out of the elliptic polylogarithm. Consider for c G Z with 
(c, IN) = 1 the function 

(4.2.1) cH : Gm \ Mc -^ Gm 

defined by z i— > ^ r_c ■ From the norm-compatibility of 1 — z it follows that 

\y J* Vc^j — c^ 

and because /x^r (a) C Gm \ y^c by our choice of c, the Kummer map gives a 
class 

(4.2.2) §<«; := a.(eH |^^,(„)) G Fi(^,.(a),Z/rZ(l)). 

Here the letter § is chosen in honour of Soule. As [^]*(cH) = ^3 we get 
[■^]*Sc" = "cr-i ^'^'^ ^^ ™ Formula 13.2.31 we can define: 

Definition 4.2.1. Let 

S<°> := limSi"^ G H^{S,k{Zt{l){a)){l)). 

r 

be the inverse limit of the classes defined in Equation (j4.2.2p . 

The A:-th moment map momQ, : A(Z£(l)(a)) — )■ Zi^k) induces a map 

mom^ : ^^(5, A(ZKl)(a))(l)) ^^ H\S,Ze{k+l)) ^^ H\S,qe{k+l)), 
where the last map is the one from (|2.1.ip divided by klN'^ . 
Proposition 4.2.2. Let k >0 and c G Z with {c,£N) = 1, then 

mom^(S<">) = ^^(c'ck+iia) - c-%+,{a'')). 

In particular, for c = 1 mod N one has 

1 fc+2 _ 1 

Proof. From the formula 

§^^) = dricE) = c'^dril -Z)- 9,(1 - Z') 

and Proposition 13. 1.6] we get 

mom^„(S,,,) = c2tr(a,(l - z) U r,t) - tr(a,(l - z') U rf,^). 
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The first summand is c'^Ck+i,r{'x)- To treat the second suniniand consider the 
c-power map [c] : f^f{a) — fi£r{a'^). Then we have a commutative diagram 



-^ Z/tZ{k) 



z/rz{k) — - 

We get 

o^ mom 

ifi(/^r-(a),Z/rZ(l)) — ^^H\S,Z/e'^Z[np{a)]{l)) ^"ifi(5,Sym^(Z/rZ(l))(l)) 



w. 



w- 



mom" c 



w* 



H\fier{a''),Z/rZ{l))^^H^{S,Z/rZ[fier{a'')]{l)) '4^H^S, Sym''Z/rZ{l)){l)). 

As [c]*(l — z'^) = (1 — z), this gives 

c'^'mom^'„(a,.(l - z")) = mom^^^c(a^(l - z)) 
and the second summand is c~''ck+i,r{oi'^)- D 

5. Elliptic Soule elements 

In this section we describe an analogue of the cyclotomic Soule-Dehgne 
elements on the modular curve. 

5.1. Elliptic and modular units. The theory of elliptic units was ampli- 
fied and simplified by the work of Kato. We recall his main theorem from 
|Kat04j . 



Theorem 5.1.1 (Kato |Kat04j 1.10.). Let £. be an elliptic curve over a 
scheme S and c be an integer prime to 6, then there exists a unit c'&e. S 
0(£\8[c])^ such that 

(1) div,^£ = c2(0)-£[c] 

(2) [d]*c^£ = c^£ for all d prime to c 

(3) If Lf : 8, —^ 8,' is an isogeny of elliptic curves over S with deg ip prime 
to c, then 

^*ic'&E.) = c'&e.'- 

(4) For r G H and z G C \ c~^(Zt + Z) let c^{t, z) be the value at z of 
c'&e, for the elliptic curve £ = C/(Zr + Z) over C. Then 

2 



c^{t,z) 



'i-q.)' 



1 



-IqMzY IqMl) 



c\-l 



where qr '■= e^'^*'^, q^ := e'^^^^ and 

7,.(t) := 11(1-'?"^^) 11(1 -«"'?^"')- 



n>l 



n>l 
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Corollary 5.1.2. Let t = ^ + j^ e C/(Zt + Z) be an N-torsion point, 
a,b £ 7^ and let (]\f := e^v", then 



(i-g/^C^') l,Mr''Q'§) 



Proof. This follows from Theorem l5. 1 . 1 I bv writing q^ = qr Cn ^-iid a straight- 
forward computation using B2{x) = x^ — x + -^, so that 



c^B2{{-}) - B2{{-]) = ^^-f}l + '— 



D 



5.2. Elliptic Soule elements. We proceed as in Section 14.11 In fact, we 
start with the norm-compatible functions c^£) which are the elliptic ana- 
logues of the cS, and consider their image under the Kummer map. The 
resulting class is then cupped with a section t®^ G H'^ {£,[P']{t) , Sym ^^/^r^) 
and as in Section 14.11 one gets elements which form a projective system. 

Consider an elliptic curve vr : £ — )■ 5 and t[N] C £. For each section 
t S £[A^](5) one has a cartesian diagram 

£[r](t) y t[tN] > £ 

Pr{t) 

S ^ — >E,[N\ ^£. 

Let c G Z with (c, QH.N) = 1 and consider the function 

et?£:£\£[c]^G„. 
By Theorem 15.1.11 this function is norm-compatible 

Note that for t 7^ e one has E.[P'\{t) C £ \ £[c], by our condition on c. Thus, 
we can restrict c'&E to an invertible function on £[^''](t). The Kummer map 
gives a class 

dr{c^e.)^H\E,[C]{t),'L/e'L{'^)). 
As in Definition 13. l.H we have a section 

rr,t£H\^[t]{t),J^^„rj) 
given by 

(5.2.1) Tr^t ■■ £[r]{t) ^ £[riv] i^ £[f ]. 

Its A;-symmetric power gives 

T^,'eH^{E[n{t),SymK^^/rz). 
lfpr{t) : 8,[f]{t) ^^ 5" is the structure map, we get as in Section dT] elements 
(5.2.2) A^rit) ■.= Vr{t)Mic^t)^Tfh G H\S,SymK^-^„r^{l)). 
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Let S{i'^N) — )• 5 be the etale scheme, which represents the level i'^N- 
structures on £. Then over S{l^N) the group scheme £[f A^] is isomorphic 
to {Z/rNZf and one has J^z/e-z = {'L/P"Lf. The pull-back of c^kA^) ^ 
S{£^N) is given explicitly by 

cekAt)= E dr{cMQ))^{[mQr'' ^ HHS{rN),Sym''{Z/rzf{l)). 

ir]Q=t 

The same argument as Lemma 14.1.21 shows that the (fik,T{'t) are compatible 
with respect to reduction modulo £''~^. 

Definition 5.2.1. For t G £[-/V] \ {e} the elliptic Soule element is 

eefc(t) := lim.efc,,(i) G H\S,^yui^^zM))- 

r 

For a function ip : (£[iV](S') \ {e}) -^ Zi we let 

cek{ip) := E ip{t)cek{t). 

te£[Af](5)\{e} 

5.3. Elliptic Soule elements as moments. The elliptic Soule elements 
can be obtained as moments from a cohomology class 

£Sf (iH\S,A{m,{t)){l)), 

which we are going to define: consider with the identification of Lemma 
[3X2] 

(5.3.1) £Sg := dric'de.) G H\S, Z/ez[^ziMt)m). 

The norm-compatibility [P']*{c'&?.) = c'^^e allows to define in the limit 

(5.3.2) £SP := lim£S0 € H\S,K{Mi.^{t)){l)). 

r 

The /c-th moment map mom^ : A(J^^(t)) — > Sym J^^ induces 

mom*^ : H\S,k{J^z,{t)m) ^^ H\S, Sym' J^z, {I)) ^^ H\S, Sym''J^Q^{l)), 

where the last map is ()2.1.ip divided by k\N . 

Proposition 5.3.1. Let k >0 and c G Z with {c,6iN) = 1. Then 

mom,^(£Sf) = ^,e,(i). 
Proof. From Proposition 13.1.6) and the definition of cfikit) one gets that 



mom^' ^ 



maps £Sc,r to c^k,r{^) ^^^ ^^^ proposition follows by taking the projective 
limit. n 
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6. Modular curves 

6.1. Some facts on modular curves. We fix some notation concerning 
modular curves and list the facts we need later. 

Definition 6.1.1. Let iV > 3 and denote by y(iV)/SpecQ the moduh 
scheme of elliptic curves with a level- A^-structure, i.e., for a scheme S we 
have 

Y{N){S) = {(6/5, a) I E,/S elliptic curve ,a: {Z/NZf ^ E.[N]}. 

The universal elliptic curve is denoted by 

vr : £ ^ Y{N) 

and we let X{N) be the smooth compactification of Y{N). The scheme 

Cusp := X{N) \ Y{N) 

is called the scheme of cusps. 

We recall some standard facts about Y{N). First note that a G GL2(Z/A^Z) 
acts from the left on Y{N) by aa{v) := a{va) for all v € (Z/NZ)"^. Let 
IH := {r G C I Imr > 0} be the upper half plane, then one has an analytic 
uniformization 

z. : {Z/NZr X (r(iV)\E[) ^ Y{N)iC) 

{a,T) ^{C/{ZT + Z),a), 

where r(A^) := ker(SL2(Z) —^ Sh2{Z/NZ)) and a is the level structure 
given by (fi,f2) H- aHi^hm. Let Ca^ = e^''*/^ G C and consider over 
SpecQ(CAr)((g^/^)) the Tate curve £g with the level structure a : {Z/NZf -^ 
E-q[N] given by (a, b) i— )■ q'^Cn- '^^^ corresponding map of schemes 

SpecQ(C^)((gi/^)) ^ Y{N) 

induces SpecQ(CAr)[['?^'^]] — )• X{N) and a hence a map cx) : SpecQ(CAr) — > 
Cusp, whose image we call the cusp cx). 

The cusps are permuted transitively by the GL2(Z/A^Z)-action and the 
cusp oo has stabilizer ( o * ) • The scheme of cusps has the form 

(6.1.2) Cusp= ]J SpecQ(;U/ 



iN 



GLa 



1. 



Let X{N)oo be the completion of X{N) at oo, which can be identified via 
the above map with SpecQ(CAr)[[(?^'^]]. We denote by Y{N)oo the generic 
fibre of X{N)oo so that y(A^)oo = SpecQ(C7v)((gi/^)). One has a commu- 
tative diagram 

YiN)^ -^ X{N)oo ^-^^ oo 
(6.1.3) 

Y{N) -^-^ y(iv)noo f-^^- oo 
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Consider the Tate curve £g over Y{N)oo- For each M > 1 one has an 
exact sequence 

(6.1.4) ^ ^M A 8 jAf] A Z/A/Z ^ 
or correspondingly for the associated etale sheaves 

(6.1.5) -^ Z/MZ(1) A J^x/MZ ^ ^/MZ -^ 0. 
As a special case we get in the limit 

(6.1.6) ^ QKl) A ^Q, A Q^ ^ 0. 

Proposition 6.1.2. The subsheaf i(Z/MZ{l)) C ^z/MZ o^^^ ^^^ invariants 
of monodromy, i.e., 

oo*j;^z/Ara = Z/MZ(1) and oo^i^^j.^^/M^ ^ Z/AfZ(-l), 

where the first isomorphism is induced by l and the second isomorphism is 
the composition 

oo*R^j^J^z/MZ ^ oo*R^j^Z/MZ ^ Z/AfZ(-l). 

Proof. That t(Z/AfZ(l)) C '^^/mz ^-re the invariants of monodromy is 
|SGA72l Expose IX, Proposition 2.2.5 and (2.2.5.1)]. From the long exact 
sequence for oo*i?j* we get 

-^ oo*j;Z/A/Z -^ oo*i?^i*Z/AfZ(l) -^ oo*R^j^J^z/MZ ^ oo* R^j*Z/MZ -^ 0. 

As oo*j;Z/AfZ ^ Z/AfZ and Z/MZ ^ cx)*i?ij;Z/AfZ(l), the first map is 
an isomorphism and one gets oo* R^j^^J^^/mz — Z/AfZ(— 1). D 



Corollary 6.1.3. OverY{N)oo the maps induced by t and p 

Qiik) ^ Sym'^Q^l) ASym^^Q, 

Sym'^J^Q^ A Sym'^Q, ^ Q, 

induce isomorphisms 

oo*j,SymKjifQ^ ^ Qiik) and oo*R^j,SymKjifQ^ ^ QK"!)- 

Proof. This follows by induction on k from Proposition 16.1.2] and the exact 
sequence 

^ Q,(A:) 4 Sym'^JTQ, ^ Sym'^-i^Q, ^ 0. 

D 

Definition 6.1.4. Let Y{N) := Y{N) II oo, then the residue at oo is the 
map 

resoo : H^YiN), Rj,Sym^J^Q^{l)) ^ H'^iY{N),R'j,Sym^J^Q^{l)) ^ H^^ioo, 

induced from the edge morphism of the Leray spectral sequence for Rj^, . 

Note that by base change one also gets a residue map 

(6.1.7) reSoo : H\Y{N)oo,Sym''J^Q^il)) ^ /^°(oo,Q^). 
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Corollary 6.1.5. Let Y{N) := Y{N) 11 oo, then one has a commutative 
diagram of exact sequences 

> i/i(y(iV), j,Sym'=jrQ,(l)) > H'{Y{N), Sym'=jrQ,(l)) ^^ ifO(oo, 



> HHX{NU,j,Sym^J^Q^{l)) > H^ {Y{N) oo,Sym''J^Q^il)) ^^ H'^i^x^, 

where resoo is the residue defined in \6.1.4\ 

Proof. The exact sequences follow from the Leray spectral sequence for Rj^, 
and the above computations. Observe that R^j ^,Sym J^^ is supported on 
c«. The commutativity of the diagram follows from diagram (I6.1.3p . D 

7. The residue at oo of the elliptic Soule elements 
7.1. A residue theorem at finite level. In this section we write 

f :=y(iV)oo = SpecQ(C7v)[[g'/^]] 

and we consider the map T — ?> Y(N) induced by the Tate curve and its 
canonical level structure (a, 6) i— ?> q^Cn- "^^^ pull-back of the £^A^-torsion 
points £[^''iV] of the universal elliptic curve tt : £ — > Y{N) to T sits in an 
extension of finite etale group schemes 

(7.1.1) > fi^,j^^f > £[riV]y ^% Z/f'NZf > 

e.[N]f ^Z/NZf 

For each section t : T ^ £-W] the pull-back by t induces a finite morphism 

p:e.[r]{t)^z/e{pit)) 

Definition 7.1.1. Let resr^oo be the following composition of maps: 

res,,oo : H\e[r]{t),Z/rZ{l)) -^ H\E.[r]{t)f,Z/rZ{l)) ^ 

^ H\z/rz{p{t))f,z/rz{i)) ^^^^ H^{z/rz{p{t))^,z/rz), 

where the first map is the pull-back to T. With the identifications in Lemma 
13.2.21 we define the map 

reSoo : H\Y (N) , A{J^zAt)m) ^ i^-^oo, A(Z,(p(t)))) ^ A(Z,(p(t))) 

to be the inverse limit reSoo := Ijm reSr-,oo- 

The residue of the elliptic Soule elements will be deduced from the fol- 
lowing fundamental theorem: 
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Theorem 7.1.2. Let 

£sg = dric^,) e H\e.[r]{t),z/rz{i)) 

be the element defined in \5.3.1[ then 

res.,oo(£SS) = <?, 
where 

-S2I? € H°{z/rz{p{t))^,z/e-z) ^ z/tz[z/tz{p{t))] 

is the element defined in Formula ()1.1.7p . 
Taking the projective limit we get: 

Corollary 7.1.3. Let £§i*^ G iJi(y(iV), A(J^^(t))(l)) be the element de- 
fined in Equation (|5.3.2p . Then 

reSoo(£Sf ) = <(*)> 

where b'^^^*^^ G H^ {00 , K{Zi,ij){t)))) ^ A(Z^(p(i))) is the Bernoulli measure 
defined in Equation (jl.l.Sp . 

The proof of Theorem 17.1.21 will occupy the rest of this section. 
Let us write Z[Z/£^Z(p(t))] for the Z- valued functions on Z/i'^Z{p{t)) and 
note that ordoo induces a map 

Gm{z/tz{p{t))^^^j^ W G^(frN)^^^ n ^ = m/f'^pm- 

xez/erz{p{t)) xez/erz{p{t)) 

We start with a compatibility: 
Lemma 7.1.4. Identify 

H^{z/rz{p{t))oo,z/rz) ^ z/rz[z/rz{p{t))]. 

Then following diagram commutes: 

GU^[r]{t)f) > G^^{z/rz{p{t)h) -^^ — > z[z/rz{p{t))] 



H^{E,[r]{t)f,z/rz{i)) ^^ H^(z/p-z{p{t))f,z/rz{i)Y-^^-^ z/tz[z/cz{p{t))] 

Here the upper horizontal p* is the norm with respect to p and the right 
vertical arrow is reduction modulo i^' . 

Proof. Compatibility of the Kummer map with traces and residues. D 

From this diagram it follows that to show Theorem 1 7. 1.2 1 it suffices to com- 
pute ordoo op* c^?6- To calculate this, we write TV := y(A^)oo = SpecQ(C7v)((Q''^'^)) 
and T^rjv := Y{i'^N)oo = SpecQ(C£''Ar)((Q'^'^'^^)) and perform a base change 
to Tgr^. Over Tgrp^ the scheme 8,[i'^]{t) is isomorphic to 

{Z/fZf{t) := {{x,y) G {Z/fNf \ [r](x,y) = t} 
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and the map p : {Z/P'Zf{t)f^^^ 



'./e"L{p{t))f is given by the projec- 



tion onto the first coordinate (x, y) i— >■ x. 
Lemma 7.1.5. One has a commutative diagram, 



p. 



p* 



{z/e"L{p{t)) 



Tn' 



,(z/rz(p(t))^ 



ordo 



ordo 



->Z[Z/rZ(p(i))], 



z[z/rz(p(t))] 

where the lower horizontal map is multiplication by P" . 
Proof. As the map T^r^ 



the order with the ramification degree. 

Furthermore: 
Lemma 7.1.6. The diagram 

p* 



Tjv is ramified of degree C one has to multiply 

D 



ordo 



,ordo 



->Z[(Z/rZ)2(t)] 
-¥ 'L[Z/t'L{p{t))] 



commutes, where p\ is the trace map associated to p. 

Proof. This is a direct consequence from the fact that div(p=K(/)) = p*div(/) 
for any function / e G,„((Z/rZ)2(t)^^^^). D 

It follows that to compute ordooop*c^£ we can first pull-back the function 
c'di to Gm((Z/£''Z)^(t)^^^^ ) and then take ;^p!ordoo- Note that 



\2, 



,{{z/rzy{t)^^^j 



^{Tt 



(x,j/)G(Z/£'-Z)2(t) 

and the (x, y)-component of the pull-back of c'&t is 

We have to calculate the order of {x,y)*c'&^ at oo. For this we can work on 
Y{i^N){C). From Corollary 15.1.21 we see that {x,y)*c'&E. is given by 



Qt 



hic''B2{{j^})~B2(,{^})) 



( QrTv) 



c — c 



:i 






7g.(9f"C 



i^N /-y ^c^ 



{l-qf^'C 



l^N) 



l.Aqf'Ce^N) 
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If we observe that the uniformizing parameter for Y{i^N){C) at cxo is Qt , 
we get 

X ,, „ , , ex 

-Fn 



fr AT 

ordoo((x,y)*.^£) = ^^(c2i?2({-^}) -i?2({-^})) 



2 ^- -■^^irjy^' ^-^'tN' 

As there are T elements (x, y) G {Z/rzf{t) withp(x, y) = x G 'LjP'TLlyvit)) 
we finally find 



^P!ordo.(n(x,2/)*c^£) = ^(c^i?2({^})-i?2({^})) 



= <?(.). 

This finishes the proof of Theorem 17.1.21 

7.2. The residue at oo of the elliptic Soule elements. From Theorem 
17.1.21 we will deduce in this section a formula for the residue of the elliptic 
Soule elements. 

Let TT : £ — > Y{N) be the universal elliptic curve. We use the level 
structure £[iV] = {'L/N'L)'^ to identify A^-torsion sections t with elements 
(a, h) G (Z/iVZ)2. Note that under the map p : £[iV] ^ Z/iVZ over y(A^)oo 
one has p{a, h) = a. Recall that we have defined in 15.2.11 the elliptic Soule 
element 

,ekit)e H\Y{N), Sym'^m.il)), 
which we consider in i?^(y (A^), Sym J^^(l)) and in l6.1.4l the residue map 

resoo : H\Y{N),Sym^M'Q,{l)) ^ H\c^,Q^). 

Theorem 7.2.1. Let t = {a,b) G 8,[N]{Y{N)) be as above, then 

AT^+l n en 

Tes^iMt)) = j^ic'B,^,{{-})-c-'B,^2{{j^})) 

In particular, if c = 1 mod A^ one gets 

resooicekit)) = -^-^ -^ ^fc+2({^})- 

To deduce this result from Theorem l7.1.2t we need to compare the differ- 
ent residue maps. 

Lemma 7.2.2. There is a commutative diagram 

H\Y{N),K{Mi^,{t)){l)f-^^^H\oo,k{Mp{t)))) 



ifi(y(Ar),Sym^^z,(l))) 



H\Y{N),SYm^M'^,{l)))' 



Mt) 



H°{oo,: 



^H^{oo, 
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where the upper resoo is the one from Definition \7.1.1\ and the lower resoo is 
defined in \6.1.4\ 

Proof. The functoriality of the moment map gives 

m°Sip(t) 
C fc 3^ Sym'-p 

Sym^J^^ > Zi 

and the lemma follows from the definitions. D 

Proof of Theorem \7. 2. 1\ By Proposition 15. 3. f| Lemma [7.2.2l and the formula 



in Corollary 17.1.31 one has 

resoo(cefc(t)) = reSoo(A;!iV^Tiom*^(£S<*))) 
= resoo(momj (£8^)) 



fnom((reSoo(£Si*^)) 
momi(S^j) 



where the last equality is Formula 11.2.81 D 

8. The integral £-adic elliptic polylogarithm 

In this section we define an integral ^-adic analogue of the polylogarithm 
extension. 

8.1. A brief review of the elliptic logarithm. We give a brief review 
of the elliptic polylogarithm and refer for more details to the appendix A in 
|HK99j , to |Blaj or the original source |BL94j . 

Let vr : £ ^ S* be a family of elliptic curves with unit section e : 5" — > £. 
We consider etale sheaves of F-modules, where F = Z/£'^'Z, Z^,Q^. A sheaf 
§^ is unipotent of length n with respect to vr, if it has a filtration ^ = A^^ D 
A^ D ... D ^"+1^ = such that A''^/A^+^^ ^ vr*^ for a lisse sheaf ^ 
on S. Let 

(8.1.1) J^F ■■= R^TT^F{1) 

so that J^F is one of the sheaves J^z/i'-z^'^^e^'^Qe defined earlier. Let 
J^p := Hom gf^Fi F) be the F-dual. The Rtt^ boundary map for the exact 
sequence 

^ gr^+^^ ^ A''^/A^+'^^ -^ gi'x^ -^ 

induce a : vr^gr^S^ — > Jfp (g) vr^gr^"^ §^, from which we deduce J^f ® 
7r*gr^^ — > TT^gr^"^ W. Thus, 7r*gr^§f is an Sym\y^-module. 
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Let '^^"'' be a unipotent sheaf of length n and suppose that we have a sec- 
tion l^") E Honi5'(F, e*^^"'^), then there is a unique morphisni of Syui'J^F- 
modules 

(8.1.2) u : SymJf^F/Sym^''+^J^F ^ vr^gr^^^^") 
that maps 1 to l^"-* modulo A^. 

(n) 

Definition 8.1.1. The n-th elliptic logarithm sheaf Jjogp is the unique 

unipotent sheaf of length n together with l'"-* € Hom5(i<', e*£og]^ ) such 
that v' is an isomorphism. 

The uniqueness is |BL94l Proposition 1.2.6]. As A'^LogP = 7r*Sym''=^ 
one has an exact sequence 

(8.1.3) -^ 7r*Sym"^ir ^ logj,"^ -^ ^gS^~^^ ^ 0. 

■ F = Qt the lo 
unique extension 



If F = Qi the logarithm sheaf can be described as follows: -^go i^ the 



^ TT* JTq, ^ £ogg ^ Q^ ^ 
such that the boundary map for i^vr* 

Qi -^ ^Q, ® M$, = Hom(J^,, J^J 
maps 1 to id and e*£ogQ, is split by a section l'^' : Q^ — t- e*£ogQ . Then 

i r W o nr (1) -i-u -,(n) (l(l))®" 

one can put lag^^ := bym ^og^^' with l"-"-' := -^-^^i^ — . 

Definition 8.1.2. The Q^-elliptic logarithm sheaf '^go, is the pro-sheaf 

We define an action of J^q^ on ■^gQ^ : 
(8.1.4) mult : vr*J^^ ® £ogQ^ -^ ^g^^ . 

On ^ogQ it is the composition 

TT*^, £ogJj"^ -^ 7r*^Q, O ^g£"^^ C £og^^] ^'CogQ,"^^ ^ ^gQ"\ 

where the last map is induced by the multiplication 

Zbg« 0Sym"-iZbgg ^ Sym"£ogg . 

The most important fact about the logarithm sheaf is the vanishing of its 
higher direct images except the second one. 

Proposition 8.1.3 ( |HK99j Lemma A. 1.4.). One has 

and the isomorphism i?^7r*£ogQ^ = i?^7r*Q^ is induced by the augmentation 
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Another important fact about the logarithm sheaf is the sphtting princi- 
ple, which we formulate as follows: 

Proposition 8.1.4 ( |HK99j Corollary A. 2. 6.). Let tp : E ^ E' be an isogeny 
and denote by JjogQ the logarithm sheaf of £.' . Then one has an isomorphism. 

In particular, for each section t G kerc^(S') one has a canonical isomorphism 
r^ogQ^ - e'*£ogij^ - e*ZbgQ^ = n Sym"J^Q,. 

n>0 

Note that in the case where ip = [N] the isomorphism in the proposi- 
tion induces the multiplication by [N]'^ on the graded pieces 7r*Sym J^,, of 

8.2. The Z^-elliptic logarithm sheaf. For simplicity we assume that S 
is connected. 

Recall from Example [2X2] that Lz/e^z = [^1*Z/rZ, where [r] : £ ^ £ 
is the ^''-multiplication map and that L^i is the projective system 



£^ 



rz)r>l- 



In this section we compare Lz^ and Jjogz^ 

Fix a geometric point s of S and let e := e(s) be the corresponding 
geometric point of £. One has a cartesian diagram 




By Formula ()2.3.8p we have 

and we want to determine explicitly the action of the fundamental group 
7ri(S', s) on A{J^Zi,s)- Let Tr[{8--s,e) be the largest pro-^-quotient of 7ri(£s, e) 
and note that 

■K[{8,-s,e) = J^Ze,s = TiE-g. 
Consider vr* : 7ri(£,e) — >■ 7ri{S,s) and let ker(7r*)/]Sf be the largest pro-^- 
quotient of ker(7r4,). Then we define 7r^(£,e) := 7ri(£,e)/3sf and one has a 
split exact sequence of fundamental groups 

(8.2.1) 1 -^ 7ri(£^,e) -^ 7ri(£,e) ^ 7ri(S',s) -^ 1. 

The splitting of the sequence is given by e*. This induces an isomorphism 

7ri(£,e) = rJ^Ze,s XI vri(5,s). 

Denote by 

Q : 7ri(S',s) -^ Autz^(J^^,^) 
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the action of 7ri(5, s) on ^%^^. This coincides with the action of vri (S',s) 
given by conjugation with e* 

(8.2.2) Q{g){h) = e,{g)heM~^ 

for all g € 7ri(S', s) and h e J^^.s. By functoriality this induces an action 

Q : 7ri(S,s) ^ Autz,(A(=^z,,s)) 

still denoted by q. On the other hand the map b : =^^^,s — ^ A(=^^^,s)*; 
defined by /i i-^ 6h is an action of J^^^s on A(.^^^^) by multiplication with 
Sh, i.e., by "translation" with h. 

Proposition 8.2.1. The action ofTr[{£.,e) on 

^Ze,e — A(J^^,5) 
is given by the group homomorphism 

^Ze,s X vri(5,s) ^ Autz,(A(=^z,,s)) 
{h,g) ^ 6hQ{g). 

Proof. The map is a group homomorphism by the relation in Formula (|8.2.2p . 
The etale covering [C] : £ ^ £ belongs to the subgroup 

rjrz,,5X7ri(5,s) 

of =^^,s X '^i{S,'s). By general principles the lisse sheaf J^i/e.^z = \P'\iJLlP'TL 
corresponds to the representation 

■m.,rs ^ ^il-^,^) ^ Aut2/,,.2(Z/rz[^z/,.2,J) 

on ■^g^/^r^ g = Z/£^Z[J^/^r2^^] which is induced from the trivial represen- 
tation of -^^=^^,5 x 7ri(5', s) on 'LjP'TL. This induced action is exactly the 
one described in the proposition. Taking the projective limit over r gives 
the desired result. D 

f 
Corollary 8.2.2. Let I := I{J^Zt,s) ■= ker(A(J^^^5) ^ Z^) he the aug- 
mentation ideal. Then I is stable under the action of J^^^s xi iti{S,s) and 
on 

the subgroup =^^^,s o,cts trivially. 

Proof. That / is stable under M'l^^ and that =^^£,s acts trivially on /«-y/'=+i 
is Lemma ll.3.1[ Obviously, 7ri(5', s) acts via ring isomorphisms and so also 
preserves the augmentation ideal. D 

Definition 8.2.3. We denote by A"£z^ the subsheaf of £zf corresponding 
to the =^^,s X 7ri(5', s)-representation /" C A(J^^^s) and let 

^%i '■= ^zJA"' Lz^ 
be the quotient sheaf. 
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Note that £g = (^^"A^^)^, where ^-^Lrj^ is the quotient of ^z/t^z by the 
image of A^~^^L-i^. The images of the sheaves A^Lz^ define an unipotent 
filtration of length n on £^ and one has an exact sequence 

^ 7T*Sym^J^z^ ^ £5;+^) ^ £g ^ 0. 
The element 1 = 5o £ A{J^Zi,s) defines 

lWGHom5(Z,,e*4';)). 

Theorem 8.2.4. The pair {'C^ , 1^^') is canonically isomorphic to (£og^ , 1^"^). 
In particular, the Qi-sheaf associated to {^C^ , l^"^') is {Log^ , l^"'). 

Proof. We check that the map u' from Formula (I8.1.2P is an isomorphism. 
By definition 

gr^(£z,M"+'£z,) = vr^Sym'^J^z, 

so that 7r*gr^(£z,/A"+i£zJ ^ Sym'^J^,. By definition of l^'^) the isomor- 
phism 

maps 1 to 1^"). D 

The theorem allows to compare cohomology classes with values in Lzg 
and Jjogn,- We will be later in the following situation: fix an integer c > 1 
and consider the restriction of L^i and 'CogQj to £ \ £[c]. 

Corollary 8.2.5. There is a comparison morphism 

comp:ifi(£\£[c],£z,(l))^^H£\e[c],^gQ,(l)). 
Proof. For all n the morphism Lz^ ^ 'C^ — '^g^ induces 

H\Z \ £[c],£og^/l)) ^ H\^ \ £[c],£ogg)(l)) ^ ifi(£ \ £[c],£ogg(l)) 

where the last map is the one from (j2.1.ip . Taking the limit over n and 
observing formula (j2.1.2p gives the desired map. D 

Finally, we relate the splitting principle and the moment map. Recall 
from Formula (j2.3.7p that 

t*Lz,=HMM- 

If we pull-back both sides of the comparison map with an A^-torsion point 
t : 5 — > £ \ £ [c] we get 

comp : H\S,K{m,{t)m) ^ ^^^,^§^,(1))- 
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Proposition 8.2.6. Let t be an N -torsion section t : S ^ £-\E[c]. There 
is a commutative diagram 



H\S,K{Mi,{t)){l)) 



comp 



^H\S,t*£ogQ(l)) 



<?^'(5,nfc>oSym'=^Q,(l)) 



H\S, Syin^m.il)) 



-^H\S,SYui^Mi^{l)) 



k 



where the upper right vertical arrow is induced from Proposition 8.1.4\ and 
the lower horizontal arrow is multiplication with ttwi;- 

Proof. For the proof we have to consider the analogue of the isomorphism 
in Proposition 18 . 1 .^ in the Z^ situation. The trace map induces a morphism 
of sheaves [N]^:Lzt ^- ■^z^, hence a morphism 

Lz, ^ [N]*Lz,. 

If we puh-back with t we get a morphism [N]\ : A{J^^{t)) — > A{J^^) and a 
commutative diagram 






comp 



-^H\S,t*^gQM)) 



-^'^n^,nn>oSym"jrQ,(i)). 



The map comp corresponds on the stalk at s to the ring homomorphism 

mom : A(J^^,^) ^ ii(=^f,s) 
from Proposition 11.3.2] so that the composition with pr^ is mom*^. D 

8.3. The elliptic polylogarithm. The Leray spectral sequence together 
with Proposition 18. 1.3] and the localization sequence gives an isomorphism 

(8.3.1) Ext^\{,}(7r*^Q,,£ogQ^(l)) ^ Hom5«,, J] Sym^^Q^ 



(see |HK99[ A.3]). 

Definition 8.3.1. The (small) elliptic polylogarithm is the class 
pol G Ext^^^{g}(7r*^,,£ogQ^(l)), 



which maps to the canonical inclusion Mq 
above isomorphism (18.3.ip . 



n„>i Sym".^^ under the 
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For the explicit construction of the ehiptic polylogarithm a shght variant 
of the isomorphism ()8.3.ip is useful. The localization sequence gives for 
c> 1 

^ H\e \ £[c],£ogQ^(l)) ^ H^{E[c], £ogQ, |£[c]) ^ ^'(£, £ogQ^(l)) ^ 

and H^i£,,£ogQ^{l)) ^ H^{£.,Qe) = Qi by Proposition [8X3l We have 

H'^{E[c],Qe)cH\8[c],LogQ^ k[,]) 

and as £[c] = (£[c] \ {e}) 11 {e} we have two sections in H^{E,[c],Qi): the 
first is Igfcii which is identically 1 on all of £[c] and the second l{e}; which 
is identically 1 on {e} and zero on £[c] \ {e}. Note that 

c2l{,}-l£[,]G//0(£[c],Q,) 

maps to in H^ {E , J:ogQ^{l)) ^ Qe- 

Definition 8.3.2. The polylogarithm associated to c^ljej ~ Iew is the co- 
homology class 

(8.3.2) pol,2i^^j_i^,^j GFi(£\£[c],£ogQ^(l)) 
mapping to c^l^^y - l^^] G H^{E,[c],Qi). 

This cohomology class is related to pol as follows. Write 
H\E \ £[c],£ogQ^(l)) - Exti\£[,](Q,,£ogQ^(l)) 
and define a map 

(8.3.3) mult^^^ : Exti^^^,] (Q,, £ogQ^ (1)) ^ Ext^^gf,] (vr* JTq, , ^gQ, (1)) 

by first tensoring an extension with tt*J^^ and then push-out with mult : 
'^*^Qe ® ^Sqi -^ ^Sqi from Equation (|8.1.4p . This gives 

mult^Q^(pol^2ij_^j_igj^j) G Ext^^£[^](7r*jrQ,,£ogQ^(l)). 

On the other hand consider 

[c]*pol G Exti^£[^](7r*^Q,, [c]*£ogQ^(l)) 

and use the isomorphism ^Cog^^ — [c]*£ogQ^ from Proposition 18. 1 .41 to obtain 
a class in Ext^v ^r |(7r*J^^,£ogQ^(l)). Restriction of pol to £ \ £[c] gives 
another class in Ext£\^£j^](7r*J^^,£ogQ^(l)). 

Proposition 8.3.3. There is an equality 

multj^Q^(pol^2i^^j„i^l^j) = c^pol |£\£[c] -c[c]*pol 

in Ext^^£[^](7r*J^^,£ogQ^(l)). 
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Proof. As in Equation ()8.3.ip we have 



n>0 



and we have to show that the images of the elements mult,^ (pol^2x, , -i .r , ) 
and c^pol |£\£[c] — c[c]*pol in the right hand side are the same. The right 
hand side contains 

Hom£[c](J^^, J^J 

and by definition the images of both elements are already contained in this 
group. In Houi^^-i^rJ^^, J^^) we have two elements: the first is id£rj, which 
has constant value the identity map on £[c] and the second is idjg}, which 
maps {e} to the identity map and £[c] \ {e} to zero. It follows directly from 
the definition of mult^ (p°^c2i,^i-1£m) and c^pol |£\£[c] — c[c]*pol that both 
elements map to 

c^idje} - id£[c] G Rome,[c]{J^Qe,J^Qi) 

(note that the identification 'CogQ^ = [c]*£ogQ^ is multiplication by c on J^q^ 
so that the residue of [c]*pol is iid£[c]). ^ 

8.4. Eisenstein classes. In this section we recall the definition of the 
Eisenstein classes. Consider 

polGExti\^,}(7r*J^Q,,£ogQ^(l)) 

and a non-zero A^-torsion section t G £(5). If we use the isomorphism 
t*£ogQ^ ^ nn>oSym''^, from Proposition [1331 we get 

t*pol = (t*por)„>o G Ext^(=^Q,, Yl Sym"jrQ,(l)). 

n>0 

To get classes in H^{S,Sym^J^Q^{l)) we use the map 
(8.4.1) 
contr^^^ : Ext^(jrQ„ [] Sym"^Q,(l)) ^ Ext^(Q,, J] Sym"-ij^Q,(l)) 

n>0 n>l 

defined by first tensoring an extension with J^ , where J^q is the dual of 
Ji^^, and then compose with the contraction map 

mapping /i^ (g) /ii (g) • • • (g) /i„ to ^^ Yl]=i h'^ {hj)hi ® ■ ■ -hj ■ ■ ■ ®hn- 

Definition 8.4.1. Let A^ > 1 and t G £[A^](5) be a non-zero A^-torsion 
point, then 

Eis^^(i) := -A^^-^contr,^^ (rpol'=+^) G H\S ,Sym^ Mi.H)) 
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is called the fc-tli Eisenstein class. If ip : (£[A^](5') \ {e}) ^- Q is a map, we 
define 

Eis^^(V^) := Yl V'(t)Eis^^(t). 

te£[JV](S)\{e} 

Remark 8.4.2. The factor —N^~^ is for historical reasons as the Eisenstein 
classes were originally defined in a different way by Beilinson (see |Bei861 
Theorem 7.3]) 

Let (c, N) = 1 and recall from Definition 18.3.21 the class 

Polc2i{,j-i,[,j G Exti\£[,](Q^,£ogQ^(l)). 

If we pull this back along a non-zero A'"-torsion section t € £[A^](5'), we get, 
using again t*£ogQ^ = nn>oSym"=^^, 

rpol,.i^^j_i^j^, G Ext^(Q,, n Sym"^Q,(l)) 

n>0 

and the k-th. component gives a class 

Lemma 8.4.3. In H^{S,Sym. J^Qg{l)) we have the equality 

In particular, for c = 1 mod N one has 

t*pol^i 1 = — ;— r ; Eiso it). 

Proof. According to Proposition 18.3.3] we have 

mult^^^(pol^2ij^j_i^,^j) = c2pol'=+i |£\£[,] -c[c]*pol^-+i. 

Taking the pull-back along t of the right hand side and applying the map 
contr.^^^ gives 

^(c2Eis^^(t)-c-'=Eis^^([c]t)) 

(note that the isomorphism '^gQ^ — [c]*£ogQ^ is multiplication by c^'^^ on 
gyj^fc+i^^^^ by the remark after Proposition 18 . 1 .41 so that we have to divide 
by c^~^^). Thus it remains to show that 

contr^^^(rmult^^,/pol^.i^^j_i^j^j)) = t^^ol^^^^^.^^^^^. 

But obviously we have contr,^ o i*mult^ = contr,^^ o multj^ t* , where 
the last mult^^ is now on nn>o Sym"J^^, which gives 

contr#^^(i*mult,^Q^(pol^2i^^j_i^l^j)) = contr^^^ o multjrQ^(rpol^2i^^j_i^j^j). 

A direct check shows that contr^ omult^)^ is the identity map. This gives 
the desired result. D 
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8.5. Construction of the integral ^-adic polylogarithm. We work with 
the universal eUiptic curve vr : £ — ?> Y{N) (in fact one can use any other base, 
but this is the universal case). Let c € Z with (c, 6iN) = 1 and consider the 
finite etale map 

[f] :E\E[rc]^E\8[c]. 

On £ \ £[f''c] we have the elliptic unit c'&E. from Theorem 15.1.11 and we can 
consider its image under the Kummer map 

dr : G™(£ \ £[rc]) ^ H\E \ £[rc],z/rz(i)), 

which we denote by 

(8.5.1) e^r := dr{c'&^) eH^{E\ £[rc], Z/rZ(l)). 
We identify as in Lemma 13.2.21 

H\E \ £[rc], Z/rZ(l)) ^ hHE \ E.[c\, L^/,rz{l))- 

As [^]*(c^£) = c^£ we get [^]*(Gc,r) = 0c,r-i- Taking the inverse limit, we 
can define a class 

e, := limGe,. Glimi/H£ \ £[c],£z/^.z(l)) 

(8.5.2) r 

= Fi(£\£[c],£z,(l)). 
Recall from Formula (j5.3.2p the class 

£Sf := ^ia,(e^£) G H\S,A{J^zAtm))- 

r 

Lemma 8.5.1. Let S = Y{N), {c,N) = 1 and t e E[N]{S) \ {e} be an 
N -torsion section. Then 

f G, = £§<*> G H\Y{N),K{je^,{t)){l)). 

Proof. We have t*Gc = dric'&E. \E[e^](t)) so that the formula is clear from the 
definitions. D 

Recall from Corollarv 18.2.51 the homomorphism 

(8.5.3) comp : H\E \ £[c],£z,(l)) ^ H\E \ £[c],£ogQ^(l)). 

We have comp(0c) G H^{8, \ £[c], £ogQ^(l)). On the other hand, recall from 
Definition 18.3.21 the class 

poi,n^^j_i^j^, G/7H£\£[c],^gQ,(i)). 

Theorem 8.5.2. Let (c, 6£iV) = 1, then 

comp(Gc) = polc2i^^j_igj^j G H^{£ \ £[c], £ogQ^(l)). 



40 



GUIDO KINGS 
Proof. Consider the commutative diagram 

H\E.\E[c],L^^{l))^^H\£\E,[c] 



^™^ U0( 



,^go,(l)) 



H'mc],L^^ |£[c]) ^i/"(£[c],£ogQ^ |£[,]). 

By definition of pol^2]^ ^ ^^^ its image in H^{E.[c], Logq^ \e.[c]) is the element 

c'l{e} - l£[c] e ii-°(£[c],Q,) C ifO(£[c],£ogQ^ |£[,]). 

To conclude the proof of Theorem 18.5.21 it suffices to compute the image 
of 0c in H'^{8,[c],JjogQ^ lew)- ^^^ this we work on finite level and use the 
commutative diagram 



The residue of c'&e is 

c'l{e} - l£[c] G ^°(£[c],Z/rZ) C ifO(£[c],£z/£'-z) 

and taking the limit shows that comp(0c) agrees with polc2x i-i-r, iii 
ifO(£[c],£ogQj£[e]). ' '' D 

Corollary 8.5.3. Ze^ S = Y{N), t G £[iV](5') be a non-zero N-torsion 
section and consider the k-th component t*comp(Gc)'^ of 

t*comp(ec) el[H\Y{N),Sym''jeQ^{l)). 



k>0 



Then one has 

t*comp(ec)^' = mom^(£Sf ) = t*pol^2^^^^^^ 
In particular, 



£H JSfkj.] 



cCkit). 



i*comp(Gc 



k-c^-k 



Nk~ 



-(c^Eis^/t)-c-'^Eis^^([c]t)) 



and 



Mt) = -Nklic^Eis^Q^it) - c-'=Eis^^([c]t)). 

Proof. This is Theorem 18.5.21 Lemma 18.5.11 together with Lemma [8 .4.31 D 

Corollary 8.5.4. Let S = Y{N) and consider the residue map from 

resoo : H\Y {N) , Sym'' J^Q^il)) ^ ^°(oo,Qf) ^ Qi, 

then ift = {a,b) G {Z/NZf \ {(0,0)} one has 

—N^ a 

reSoo(Eis^,(t)) = (^qr^^^'+sd^yl)- 
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Proof. This is Corollary 18.5.31 together with Corollary 17. 2. II in the case c = 1 

mod N. D 

Remark 8.5.5. The formula differs by a minus sign from the one in |HK99] 
as we have a different uniformization of the elliptic curve. 

9. The cup-product construction and its evaluation 

9.1. The cup-product construction. Let vr : £ — > Y{N) be the universal 
elliptic curve. For a function ip : (£[iV] \ {e}) — > Q^ we have the Eisenstein 
class 

Eis^/V) G H\YiN),SymKm2,a)) 

as in Definition 18.4.11 For (pjip : {8,[N] \ {e}) — t- Q^ we can consider the 
cup-product 

Eis^^((/.) U Eis^^(V') G H\Y{N), Sym^J^Q, ® Sym'^ J^q^{2)) . 

The Tate pairing J^q^ (g) J^q^ -^ Qi{^) induces a pairing 

Sym^^J^Q, ® Sym'^^Q, ^ Q^A;) 

and we can consider 

Eis^^(V^) U Eis^^((/>) € H^YiN), q,{k + 2)). 

Let resoo : H'^ (Y (N) , Qt,{k + 2)) -^ H^{oo,Qi{k + 1)) be the residue map 
at oo, which is defined as in Definition 16.1.41 bv the edge morphism of the 
Leray spectral sequence for Rj^. 

Definition 9.1.1. Let cpcx^,'^ '■ i^W] \ {e}) -^ Qe and suppose that 
reSoo(Eis^^((/>oo)) = 1 and reSoo(Eis^^(V')) = 0. 

Then 

Dir(V') :=reSoo(Eis^,(V')UEis^^((/.oo)) G H\oo,Qeik + I)) 
is called the cup-product construction (compare [Hub! Definition 4.1.3.]). 

In the next section we will prove the following theorem: 
Theorem 9.1.2. Let ip : (£[A^] \ {e}) -^ Qe be a function such that 

reSooCEis^^CV')) =0 
and identify E,[N] = [Zi/NZ,)"^. Then one has 

Dir(V')) = ^ ^ V(0, 6)4+1 (C^)Gi:^^(oo,Q,(A: + l)), 

■ beZ/NZ\{0} 

where Cfc+i(C^) is the modified cyclotomic Soule-Deligne element from Def- 
inition \4-l-3[ 



-^H^ioo, 
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Recall commutative diagram of residue sequences 

^H'{Y{N),jSyin''J^Q,{'^)) >H\YiN),Sjm''J^Q,{l] 



from Corollary 16.1.51 For a function tp : {^[N] \ {e}) — )> Q^ we have the 
Eisenstein class 

as in Definition 18.4.11 Under the hypothesis reSoo(EisQ^(^)) = 0, this can 
be considered as a class EisQ^(V') G i:/'^(X(A^)oo, J*Sym'^,^^(l)). For the 
proof of the following theorem we refer to [HK991 Theorem 2.1.4] or [Hub! 
Theorem 4.2.1]. 

Theorem 9.1.3 ( |HK99j ). Assume i/iai reSoo(EisQ^(V')) = so i/iai EisQ^(V') € 
H\X{N)^,jSy^''J^Q,{l)). Then 

Dir(V'))=oo*Eis^^(V') 

in H^oo,oo*j^Sym''JifQ^{l)) ^ H^oo,Qi{k + 1)). 

9.2. Evaluation of the cup-product construction at infinity. In this 
section we assume that reSoo(EisQ (ip)) = and are going to compute 

oo*EisQ^ (■0) G H^{oo,Qi{k + 1)). The computation will take up the rest 
of this section. 

In this section we will write Y := Y{N)oq and X := X{N)oo for brevity. 
Consider over Y the map of sheaves 
(9.2.1) 

mu%(i) : Q,(l) ® Sym^J^Q, ^^ ^q, ® Sym'^J^Q, ^^ Sym^+K^ir 

We denote by mult2^(i') the same map with Z^-coefficients. 

Lemma 9.2.1. There is a commutative diagram, 

mult,r 



H^{Y, SymfejrQ,(l)) """" ^^"' H\Y, Sym^+^^Q, 



mult. 



0(.(l), 



H\X,j,Sym''jrQ^{l)) 'VH\X,j,Sym''+^jn: 



H\oo,Qe{k + l)) 



H\oo,Qeik + l)). 



In particular, to compute cx3*EisQ (V') it suffices to compute the class of 

(X)*multQ^(i)Eis^^(V'). 
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Proof. It is clear that the upper square commutes and to show that the 
right upper vertical arrow is an isomorphism, note that i?^j* Sym "*" J^^ — 
oo*Qf(-l) by Corollary EXa and that H^{oo,Qe{-l)) = 0. This, together 
with the Leray spectral sequence shows that the map 

is an isomorphism. The pull-back of the map 

mu%(i) : j,Sym'=jrQ,(l) ^j;(Sym'=+ij^Qj 
via cx)* gives cx)*muItQ ^^ : Qiik + 1) — )■ Qe{k + 1), which, using Corollary 



16.1.31 is just the identity and it follows that the lower square is commutative 
as well. D 



mom,^(£S<*)) = (c^Eis'^^it) - c-^Eis^^([c]t)), 



To use Lemma 19.2.11 for computations we recall from Corollary 18.5.31 that 

-1 

where mom^ : i/i(y, A(^^(t))(l)) -^ H^{Y,Sjm''J^Q^{l)) is the compo- 
sition of mom^ with the canonical map (j2.1.ip . Taking this together with 
Lemma [9.2.1l we have to compute the image of £Sc under the composition 



(9.2.2) 
/?i(y, A(jrz,(t))(l)) ^^ H\Y,Sjm''J^z,{l)) rr^il, i7i(y, Sym^+ij^z, 



H\Y, Sym'^+^J^Q,) ^ H\X,j, Sym'^+'j^Q,) ^^ H\oo,q,{k + 1)). 

We will not compute this composition directly, but through some commu- 
tative diagrams on finite level, which will be stated below. To write them 
down, we need to introduce some notations. Let I(Zi{l)) C A{Zi{l)) and 
li^y^Ze) C A{J^Zt) be the augmentation ideals. Recall that A(J^^(t)) is 
a A(J^^)-module and that the module structure is induced by the map 
J^z, X ^zAt) -^ =^z,(t), (h, h')^h + h'. 

Definition 9.2.2. (1) We define £-adic sheaves 

A(^z,(t))(") := A(jrz,(t))//(jrzJ"+iA(J^z,(t)) 

A(Z,(1))(") := A(Z,(1))//(Z,(1))"+^ 

as the quotients by the n + 1-power of the augmentation ideal. 
(2) To have a shorter notation we let J^r := J^/^r^ and let 

A^^,^^ := Z/rZ[jr^/,.^(t)] and K^^^y.= 'L/p■^^^r{t)] 

where nir {t) is the pre-image of t € £ [N] of the map 

We write A^^,. instead of A^^^ ^ if t = and let /^^^ := ker(A^^^ — )■ 
TLjP'TL^ be the augmentation ideal. 
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(3) Consider the quotient maps /(Z^(l)) — )• /^^^ and A(J^j(t)) — > 
Aj)^^ J , then we let 1^"^ and Aj^^ be the quotients of /^^,. and 
Ajj^^ t by the images of the augmentation ideals /(^^(l))"^^ and 
I{j4.M)T^^- Note that 

/(Z,(l))(") = (/t^).>i and A(^^,(t))(«) = (Ag^_>>i 

and that the canonical map /(Z£(l))(") -^ /(Z£(l))(i) ^ ^^(l) in- 
duces li"^ -^ z/rz(i). 

We remark that A(J^^(t))(") and /(Z£(l))(") are £-adic sheaves. Com- 
paring A{Ji^^{t)p"'' with the sheaf in Definition 18. 2.3^ we see that 

A(jrz,(t))W-r4';). 

Over Y we have an inclusion l : ^^(l) ^-> J^^ and hence a map u : 
A(Z^(1)) — )• A(J^J, which when composed with the A(J^^)-module struc- 
ture provides a homomorphism 

A(z^(i)) ® A(jrz,(t)) ^ A(jrz,(t)). 

It is clear that this homomorphism is compatible with the augmentation 
ideals and induces a homomorphism 

/(Z,(l))(") » A(jrz,(t))W ^ A(J^z,(t))^"^ 
which has an obvious analogue on finite levels 

(9-2.3) liUl^^Ur.^^Ury 

With these notations we define a map 

(9.2.4) ^ : H\Y,A^^^^{1)) ^ H\Y,EQmy{lj^},Sym''+^^,rim 

as the composition 

K : H\Y, A^^^^^^il)) ^ i?^(y,Hom^(/iS,l£) Ag^^^(l))) ^ 
//i(y,Homy(/£), a5[ ^(1))) i^^^^ /7i(y,Hom5>(/W,Sym'=+i^,.(l))). 
We can now write down the first commutative diagram: 
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Lemma 9.2.3. With the map k defined in ()9.2.4p . there is a commutative 
diagram 



H\Y,A,^^^^{1)) 



-^H^{Y,SYm'^Jifr{l)) 



(n) 



g^fy. HompfJl^j.Svm 



,fc+i 



:i)))^ 



(a) 



mult' 



■Z/fZ(l) 



(b) 



r(") n G,,^fc+l -^^ 'i^^^ ■ '•"^ 



gi(X,Hom,^(j|".\ 7;Svm^+i^,,(l))) f- 



(b) 



gHoo.Hom^f/g.Z/rZffc + 2))) i- 



(a) 



The maps (a) are induced from. 

where the last map is pull-back by Ijj^l — ?> Z/^''Z(1). T/ie map (6) is induced 
by j*Sym'^"'"^^r — )• Rj^,Sym.^~^^Jif£r and in the last line the isomorphism 
oo*j;Sym*^+i J^r ^ Z/rzlk + 1) is Mse(i. 

Proof. The commutativity of the two lower squares is clear from the defini- 
tion of the map (a). For the upper square note that the diagram 

1(9:0)1 



Iflgr <8) ^Jf^r^t 



Sym'=jr,.(l) 



->A 



(n) 



mult' 



■Z/f'"Z(l) 



,fe+i 



■ Sym^+i=^ 



commutes. This gives the commutative diagram 



Homp(/£),/i';:)c5Ag^ (1)) 



Hompf/ff.Svm^jr,.(l)) 



19:2:311 
Homp(I^^,,A^ 






„fe+l 



mult 



'Z/<''Z(l) 



>Hompfjff.Svm^+i^,. 



(n) 



Furthermore, the canonical map //l"r 
diagram 



j(l) induces a commutative 



r(n) 



Homp(4";, Sym^J^r(l)) i Hom^(Z/rZ(l), Sym'=J^r(l)) 



mult2/£rz(i) 



Homp(/;,';.\Sym^+i^, 



mult 



■Z/f'"Z(l) 

■ Homp(Z/rZ(l), Sym*^+i J^r 
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Together, the commutativity of the upper square follows. D 

The next lemma explains that in the commutative diagram in Lemma 
I9.2.3l we can use the left hand column to evaluate the elliptic Soule elements. 

Lemma 9.2.4. The map of Qi-sheaves 

obtained as the limit of the canonical maps I^^l — )• 'L/P"L{1) is split. In 
particular, the maps 

H\Y,Sym'+\j^Q^) ^ i7i(y,Homp(/(Z,(l)){j"\ Sym'=+ijrQ,(l))) 
H\cx^,qdk + l))^H\oo,Bgm^{I{Ze{l))i;^lqe{k + 2))) 

obtained from taking the limits of the maps (1) in Lemma \9.2.3\ have split- 
tings. 



Proof. This follows immediately from the fact that I{Zi{l))l. = ©^^^ Qe{k). 

n 



From Lemmas 19.2.31 and 19.2.41 one sees that to compute the image of £Sc 
under the map (j9.2.2p . it is sufficient to compute the image under the left 
column in Lemma 19.2.31 and to apply the splitting from Lemma 19.2.41 in the 
limit. 

To do this, we interpret this left column in terms of functions on fip x 
S,[i^]{t). Let qr{t) : //^r — ^ y and Pr{t) : £[^'"])t(— > Y be the structure maps. 
We define 

(9.2.5) Z^^^^^ := qr{t)*Z and Z,^^^^^ := pr(i)*Z 

and write Z^^^ := Z^^^ ^ in the case t = 0. Let TP := ker(Z^^^ — >• Z) the 
kernel of the augmentation. As in (j9.2.3p . the translation action of fip on 
£,[i'^]{t) induces a map of sheaves on Y 



(9.2.6) Z" » 



"m ^ ^^mi 



which is induced on T- valued points by (5q, — b\) ® f ^^ '^"'r , where Tq is 
the translation by i{a). 
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Lemma 9.2.5. The diagram 



(1) 



Homy(ZO^^ 0Z^^,^^,Gm) 



Homj^(Z°^^ <8) j*Z^,r,,,Gm) 



(2) . :rrl /-r> tt / ^(n) c,,„,fc + l 



-> i/1 (Y. Homo (/|,y ■ Svn?+^ jr,. (1))) 



-^ ii-i(X,Homo(li';L;Sym'=+ij^,,.(l))) 



Horn, 



(5) 



(4) 



-> ff^(oo,Hom^(/g,Z/rza + 2))) 



where the labelled maps are defined in the proof, commutes. 

Proof. First consider the upper square. There is a commutative diagram 

Hom(Z,^^,_j, /i£r) > Hom(Z,^^,_j, Gm) )■ Hom{Z,j^^,^,Gm) 



Hom (Z°^, (g) Z.^^,_^ , /Lf^r) 



Hom(ZO^, 0Z^..^^, 



->Hom(ZO^, (g)Z,^^,_^,G™) 



of Kummer sequences, where the vertical arrows are obtained by tensoring 
with Zj^ and composing with the map (j9.2.6p . If we use the fact that 
Aj^ir t = Pr(i)*Z/^''Z is selfdual, because Pr{t) is finite, we get 



r) =Hom(7^,. 0A^.._,,^r) ^Hom(l(^),Ag^_^(l)). 
This induces the commutative diagram 



Hom (Z°., Z.^^,^,fiirj - ^^v,.xM -.,,,,. 



Homp(Z.^^,^j, 



Homp(ZO^, 0Z,^,.^^,G^) yH\Y,Emny{ll:^},A^^^^^il))). 

Composition with mom^ ~^ of the lower horizontal map gives the map (2) 
and shows that the upper square commutes. Next consider the square in 
the middle. The map (3) is obtained in a similar way as the map (2). 
One considers the above commutative diagram of Kummer sequences but 
now with Z,^r ^ replaced by j^Z^^^ t ■ Furthermore, one uses the fact that 
j*A^^ J is still selfdual because X is regular of dimension one (see |Del77t 
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Dualite, Theoreme 1.3]). From this definition of the map (3) it is clear 
that the diagram in the middle commutes. Finally, the map (4) is again 
defined as the map (2). First one uses the inclusion Z^^^ ^ C oo*j*Z,^^j, 
which induces the map (5). Then one considers the commutative diagram of 
Kummer sequences with Z^^^ ^ instead of Z,^^^ ^ . The rest of the definition 
is as above and it is also clear that the lower square commutes with these 
definitions. D 

Write K := 'Q.{C,n){{q^^^)) and fix an algebraic closure K oi K and Q of 
Q. Let Gk and Gq the associated absolute Galois groups. Then we can 
identify 

Hom^(Z,^,,^^,G^) = Hom(Z[£[r](t)(K)],;^*)^^ 

with the set of maps from £[f ](t)(-fC) to K . Similarly, 

Homoo(Z°^, 0Z^,,_^,G^) = Hom(Z[^^.(Q)]° ® Z[/i^.(t)(Q)],Q*)^«. 
With this notation we have: 

Proposition 9.2.6. Let t = {a,b) G {Z/NZf ^ £[iV] and t / (0,0). Then 
the image of c'&e ^ Homp(Z.^^^^,Gm) in Hom^(Z°^^ (g) Z.^^^^,Gm) under 
the map (1) from Lemm,a \9.2.5\ is the restriction j* of a function cFr and 
the image of cFr under oo* and (5) in Lemma \9.2.5\ is given by 



F^°° := (5) o oo*cFr : {6a - 6i) (E) (3 ^ < 



c^ r 



a 2 a = 



2 / \ c 



«^(^ te^) «^o 



where /3 S fJ.er{t){Q) and {6a — 5i) € Z[^^r 

Proof. The image of c??£ under (1) is the function {6a — 6i)0Q i-> " ^^ tn) , 
where Q € £[f](t). The computation in Theorem 17.1.31 shows that the 
element 



cMQ) 



G Q{CN){{q'n) 



has no residue at oo, hence lies in Q(CAf)[k^''^]] and is in the image of the 
map j* . To take the image of this element under oo* and (5) means to take 
the leading term of the power series " ^^./q) and to restrict the Q's to 

Corollary 15.1.21 for Q = -^j^ + -^ . This gives 



t{nir{t){Q)). To evaluate the function " ^^.to\ ^^ look at the formula in 



cm) 



,^(Q + 6(a)) 




l,r ilf'' CU) J \%r ('Zf" Q.\«^) , 
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If x 7^ one sees directly from this formula (as q^ then goes to zero if Qr 
goes to zero) that the leading term is a 2 . If x = the leading term for 



Q = 


/3 


— Qr^ IS 

c2-c 

a 2 


This 


is 


the desired result. 



l-/3aV / 1-/3 



?c 



1 - /3 y V 1 - /^''a'' 

D 

Lemma 9.2.7. Consider the function 

Gr : {da - Si) (3 t-^ a 2 

in IIomoo(Z^^r ^'^inr t, Gm) af^rf *^s image under the map g of Lemma \9.2.5\ 
in 

^'(oo,Hom^(/W,A^,.,,(l))). 

Then l^^g{Gr) = in i7^(oo,Hom^(I(Z£(l))("), A(Z^(l)(t))(l)). In par- 
ticular, Um g{cF^) and lim £^(c-^r°°G'~^) are egwa/ in 

ifi(oo,Hom^(/(Z,(l))("\A(Z,(l)(t))(l)). 

Proof. The function F corresponds to the canonical inclusion in Honioo {fJ'p , G^) 
under the map 

induced by the surjections Z^ — ?> /i£i- and Z^^,. ^ — t- Z. From this it follows 
that g{Gr) is in the image of 

(9.2.7) i/i (00, Hom^ (/.,., Z/rZ(l)) ^ //i(oo,Hom^(/^'), A^,._,(l))) 

which is induced by V^^l — )■ ^^r and Z/^''Z(1) — > A^^rj(l) corresponding 
to the canonical map Z/rZ(l) -^ p,.(t)*Z/rZ(l). But'the map in (fOTTll 
factors through 

so that we get from ()9.2.7p 

We have to show that the image of the canonical class in H^{oo,7j/1^7j) 
under Pr{t)* vanishes in the limit. As the corestriction 

H\fir,t,^/rZ{l)) ^ H\fi,r-i^t,Z/r~^Z{l)) 

multiplies this class by i, the result follows. D 

The next commutative diagram allows to relate this computation to the 
moments of Sc r' . 
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Lemma 9.2.8. The diagram 

Homoo(Z^,.,,,G^) >i/i(oo,A;.,.,,(l)) ""'"' > iJ-i(oo,Z/rZ(fc + 1)) 

''\ I .^ (*) 

Homoo(ZO,. CS)Z^,.^,,G„) ' HHoo, Hom^(/g , Z/rZ(k + 2))) 

commutes. Here the m,aps k, (1) and ^ are defined exactly as in the proof 

of Lemma \9.2.5\ and the map (*) is induced by the canonical map /^"^ — > 
Z/£^Z(1), which gives 

Z/rZ{k+l) ^Rgm^{Z/rZ{l),Z/rZ{k+2)) -^ Homi ng ■Z/rZffc+2)). 

Proof. As in the proof of Lemma |9.2.5[ D 

Lemma 9.2.9. Consider the function cH /rom (I4.2.ip . Its image under the 
map (1) in Lemma \9.2.8\ is the function f,Fr°°G~^ 



1 - /3 y V 1 - P'^oi" 

Proof. Clear from the definition. D 

Lemma 9.2.10. Let t = {a,b) G {Z/NZf ^ 8.[N] and t ^ (0,0). The 
image of 

SpGifi(oo,A(Z,(l)(t))(l)) 
under k coincides with the image of 

£Sf ei7Hy,A(J^z,(t))(l)) 
under the right hand column in Lemma \9.2.5\ in 

H\oo,Eomoo{IiM'^))^''"\Mk + 2)). 

Proof. Follows by putting together Lemmas I9.2.5| 19.2.71 19.2.81 and Proposi- 
tion EMI □ 

The next lemma shows that the image in H^(oo. Hom ^(/(Z/(l))^"\ Z/(fc+ 
2)) determines the element in H^{oo,Qi{k + 1)). 

Lemma 9.2.11. The map of Qi vector spaces 

H\oo, Qi{k + 1)) ^ ii''(oo, Hom^(/(Z^(l))Q,, Q^A: + 2))) 
induced by the inverse limit of the map {*) in Lemma \9.2.8\ has a splitting. 

Proof This follows again from the fact that /(Z^(l)){£^ ^ 0'^!^-^ Qe{k). □ 

We are ready to give the proof of Theorem 19.1.21 
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Proof of Theorem\MM Let Eis^^('(/') € H^{X,j^Sym^^Q,{l)) be as in the 
Theorem. By Lemma [9. 2. II it is enough to compute cxD*multQ^(i)(EisQ ('(/'))■ 
To do this note that for c = 1 mod N by Corohary 18.5.31 

/ V 1 -1 r'=+2 — 1 

By Lemma 19.2.31 and 19.2.111 it suffices to compute the image of £Sc in 
i/i(oo,Hom^(/(Z^(l))("),Z^(A; + 2)). By Lemma E^TO] and Lemma[9X8l 

this this image is equal to the image under (*) of mom'fi, (Sc ^ ), which is 

''JV 

by Proposition 14.2.2] 

-i fc+2 1 

This gives the desired formula 

Dir(V')) = ^ Yl ^(0' ^Ffc+i(C^) e i?'(oo, q,{k + 1)). 

■ bez/Afz\{o} 



D 
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